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Spin polarization effects and their time evolutions
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The time evolution of the density corresponding to the polarization operator,
originally constructed to commute with the Dirac Hamiltonian in the absence of
an external electromagnetic field, is investigated in terms of the time-dependent
Dirac equation taking the presence of an external electromagnetic field into
account. It is found that this time evolution leads to ‘tensorial’ and ‘vectorial’
particle current densities and to the interaction of the spin density with the external
electromagnetic field. As the time evolution of the spin density does not refer to
a constant of motion (continuity condition) it only serves as auxiliary density.
By taking the non-relativistic limit, it is shown that the polarization, spin and
magnetization densities are independent of electric field effects and, in addition,
no preferred directions can be defined.

1. Introduction

In quite a few experimental set-ups, nowadays, fast pulses of probing fields are applied to
record the change in the physical properties of systems of interest. Very often it is found that
these changes occur on the time scale of a few nano- or picoseconds, or even femtoseconds
when using ultrafast laser pulses.[1] Usually, the recorded quantity refers to a change in
electric or magneto-optical properties by measuring time-dependent resistances (resistiv-
ities) or, e.g. time-dependent Kerr signals.[2] Usually, because of the lack of theoretical
concepts, in the case of changes in the magnetic properties, the experimental results are
then interpreted using phenomenological models such as, for example, variations of the
Landau-Lifshitz—Gilbert (LLG) equation in terms of parameters partially or totally deduced
from experiments.

In this paper, we derive in detail a quantum mechanically correct description [3] of the
time evolution of the polarization density by considering the time-dependent Dirac equation
in the presence of an external electromagnetic field. In particular, in Section 2, we first
introduce the well-known spin operator, the Dirac operator with and without electromagnetic
field and discuss the necessity for using the so-called polarization operator in Section 3,
since (even) the relativistic spin density is not a well-defined quantity. The derivation of
the time evolution of the polarization density, formulated in Section 4, will lead to a set
of coupled equations that as an auxiliary quantity contains the spin density, whose time
evolution therefore needs also to be considered (Section 5). The significance and formal
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structure of the occurring vectorial and tensorial particle current densities are then explained
in Section 6. Considering in Section 7, the time evolution of the magnetization density, it
will turn out that this density is independent of electric field effects.

Finally, in Section 8, the usefulness of a bispinor representation immediately becomes
obvious when considering the non-relativistic limit: not only is the time evolution of the
non-relativistic polarization density independent of the electric field, the corresponding
non-relativistic spin and magnetization densities, related to each other only by the Bohr
magneton, cannot be associated with any particular (polarization) direction, since the Pauli
spin matrices are SU2 invariant [4]. Exactly because of these obvious deficiencies of
the non-relativistic polarization and spin densities, the present approach is important for
interpretations of experiments using fast electromagnetic field pulses.

Last, but not least in Section 9, a scheme to evaluate approximately the time evolution
of various densities in terms of time-dependent density functional theory (TDFT) and
instantaneous time-dependent resolvents [5] is recalled.

It is essential to point out right from the beginning that — as will be shown — within
a non-relativistic description, no experiment in which an electric field is applied can be
explained nor can there be any directional preference be specified for the time evolution of
the spin density.

2. Dirac Hamiltonians and the spin operator

As is probably well known, the spin operator )3,

> G 0
Z:<O &)’

is not a constant of motion of the Dirac Hamilton operator H),

Ho = c& - p+ Bmec?, [Ho, i:]_ £0,

- o I
(3 9) = (5 %) >

where the commutator [a, b]_ denotes the expression ab — ba. Therefore, also X,

- = . 0 -—I
Su=E. )= E. i ys). ys= ( b 02 )

does not commute with the Dirac Hamilton operator H in the presence of an external
electromagnetic field
H=H{F, 1) =cd T+ Pmec” + eV, [H,2,]_#0, ()
F=(p—eAL, A=AF 1), V=VEF1). (3)
Here, 0 = (0, oy, 0;) refers to the vector of Pauli matrices, I, is an n-dimensional unit

matrix, while A and V' denote the vector and scalar potential, respectively. In the following,
both, A and V, will be assumed to be Hermitian.
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3. The polarization operator

The so-called (dimensionless) polarization operator [6,7] T}, is defined by

y " i 7
TME(T,T4)=<ﬁZ+)'5 X ) 4)
Mmec MeC
and has the following properties [8],
4
¢h = = 2up & &
> 1T =31+ -X-B=3L4—-——=XB,
= (mec) mec
5 B I a7/
[T, H] —2iup |ExB—-ps [E+ 22
- c ot
- , (5)
2uB = - 0A
(T4, Hl_ = ———22 - | E+ —
c at

where B is the magnetic field (magnetic induction) and E is the electric field. From Equation
(5), iteasily can be read off that by construction in the absence of an external electromagnetic
field T, commutes with H,

[Tu. Ho]_ =0, (6)

i.e. is a constant of motion. It should be noted that both 7, and X, are covariant axial four
vectors.

4. Time evolution of the polarization density

In the following, the polarization density 7, = 7, (7, 1)

T,=T.T), T=y"Ty, Ta=vy"Tuy, (7
and the spin density S, = S, (¥, 1)
Su=(S, 80, S=v"Ty, Sy=v Ty =ivtysy (8)
refer to the solutions ¢ = ¥ (7, t) and ™ = ¢ " (¥, t) of the time-dependent Dirac equation,
oY 1 oyt .
_— = — _— 9
ot ihHw’ ot ihw ", ©)

with H being defined in Equation (2). Because of the chain rule, the time evolution of the
polarization density consists of three parts, namely

d7, Y™ oT, oy
— = —T, t—£ tr,—,
dr ot Wy 8tw+w Y
which can immediately be rewritten in terms of Equation (9) as:
d7, [ oT,
—t = oyt T H-HT Ly, 10
m ihw (T, WY+ atl/f (10)
where now

0T, (9T 0Ty
¢  \ ot ar )]’
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and according to Equation (4)

aT e A Ty ie - 9A
— =y -, — = Y. —. (11)
ot mec 0t at MecC dat

Using the explicit form of H given in Equation (2) and 7}, as (f, Ty), from Equation
(4), the various parts in Equation (10) can compactly be written as:

ih% <1//+f1//> —cyt [T (@-7) - (f:* - &) T] "
—2cyt (psBR) ¥ — ,’:h
; : (12)

where #1 = <— p— eg> 14, see also Table 1. It is perhaps useful to recall that, e.g. the
second and third term on the lhs of the first equation in Equation (12) arise in turn from the
terms ﬁ mec? and e VI in Equation (2). Note also that the expression containing the electric
field E is only of the order of ¢~ .

Taking into account the explicit form of 7 and 74, the below commutator relations
follow from Equation (5) and Tables 1 and 2,

[ﬁi, ﬁ] - [ﬂi, V] )
[/si, G- ﬁ]_ = lysit, Bl_ = 2yspi
_ , . 9A
[ysm, V- =ihys (E + E)
[ys@, a-7]_ — —iehS x B
o - e = A
PESY :mz.(m—)
- at
[al’b’ Tv]— = 28MUIBVS 9 (/’La V=X, y,Z)
@ Tyl =2< i xi)vs
mec
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Table 2. Useful relations.

L. - 7 7 =
a@QT+TQu =XQ® + X
MeC  MeC ~ R
aT-T®a :2ﬂ(i®2)y5+i® T _ T g%
R MeC  MeC
aly + Tha =2 V5
eC
Table 3. Approximate time evolution of various densities.
Operator O Time evolution of w(r;t)
14 Particle density n
BE Magnetization density M,
)y . . S
Spin densit .
Y4=ys P Y { —iS84
- = 7
I'=|\BX+ys— 7
L MMeC Polarization density {
4 Ty
Ty=i%-
MmeC
and Equation (12) can immediately be reformulated as:
d - ieh R ieh -
ihe (WHTw) = =y * (S x B)y — - Eytysy
dr me mec
+oypt|(@-7-7"-a)T|v
(13)
d eh - -
i (VI Tyy) = ——y* (£ E) v
dr mecC

+cw+[(&-i-ﬁ+.a)n}¢

Itis important to recall that the scalar product symbol refers to a traditionally used short-hand
notation.

Consider, for example, only the term <J'i+ . 62) T in Equation (13). Keeping in mind

that (J-i+ -&) = <njax + 7oy + njaz> and T = (Ty, Ty, T;), then
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where ® denotes a Kronecker product of two vectors, whose elements are matrices: & @ T
is a3 x 3 super matrix

- axTx ayTx a,Tx
a®T = axly ayTy a1y |, (14)
axl, ayT, o1,

of matrix elements

(0 o4 o, O _
a[,LTV_<O_M 0 )( 0 Gv )’VaM—X,y,Z’

i.e. explicitly corresponds to a 12 x 12 square matrix. _
As in Equation (13), the contribution from the vector potential A drops out, by recalling
that p = —ihV, one formally can write:

w[(&. —?ﬁ.&)f]w=—ihv-[w+(&®f)¢]
Wyt [(& ozt -&) T4] ¥ = —ihV - [yt (@Ts) v]

and therefore, the time evolution of the polarization density can be cast in the form of

A

[

4T eer- [y Go7)y]
== (v*Ey) x B-—Evytysy
< M Mec : (15)
) +ov [y (@73 y] = ,:c (v Ev)-E

In the absence of an external electromagnetic field, both left sides equate to zero. In this
particular case, Equation (15) reduces according to the Noether theorem to the continuity
condition for the polarization density.

It should be noted that in using the relations for a permutation of the order of elements in
the Kronecker product @ ® T, see Table 1, one obtains a completely equivalent formulation
for the time evolution of the polarization density, which finally can be written in a compact
manner as:

dl’ n:le mecC (16)
5 ie 2 = '
d MmeC
where
7=F0s7e 1
2 _ 20z o a7
J4 - \74 j4
with - <>
0 eyt (Fod)s. TO=cv* 2oy
=(1) - 7(2) n e (1%
Iy =yt (La)y, 7,7 =cy™* mec v
&

and S and S84 were introduced in Equation (8), see also [3].
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5. Time evolution of the spin density

Since on the rhs of Equation (16) the components of the spin density S, occur, the time
evolution of the polarization density cannot be obtained unless simultaneously the time
evolution of S, is evaluated. As a derivation of dS,, /dt is similar to that for d7,, /dt, it is
sufficient to quote here only the final result, namely

S (50 +ev- [ (@0 8) ] = X <)
: (19)
5 ) —ev- () = Sy )y

where as easily can be worked out

a®Y=| —ia, —ys —iox
+ioy —iox —Ps

In order to identify in Equation (19), the role of the particle current density [J = ¥ Tcay
the following identities can be applied

V. [vﬁ (& ® i) w] = iV x (yFay) — V (yFysy)
YT (Exa&)y =iyt (@xV)y —ed x (ytay)

such that Equation (19) is now of the form

d bnd pud T -
= (v Ee) -V (utysy) iV x T =50t (22 < @)y
%l‘ h Me (20)
- . MmeC
—(Vrysv) =V (V) =i Syt (20 Bys) v
Using ?)(2) from Equation (18) the latter reduces to the form given in [3]
ds 5 5
=iV =G0 iV« g o

It is important to note that despite the fact that the time evolution of the spin density has to
be taken into account, the spin density per se has no well-defined physical meaning, since
it does not refer to a constant of motion. It merely serves as an auxiliary quantity.
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6. ‘Vectorial’ and ‘tensorial’ polarization particle current densities

Combining now Equation (16) with Equation (21) a closed set of differential equations is
obtained that yields the time evolution of the polarization density in the presence of an
external electromagnetic field:

i(éxé—
d o ©

e - -
—71+v-(J(1> JP)=-=8 K
1 48 MeC . (22)
d——lcV84— hj(z)—i—lej

l%—cv S=i mec?(z)

%%+ V. (7(” + 7@)) =

=

E 34)

In Equation (22), the scalar product symbolin V- 7 () has to be understood in the following
way

<7 + (7 o

where

V_Za T (Tya) v].

Furthermore, since y 5 and By 5 are simple matrices and the Kronecker product for j 4(2)1r1
Equation (18) is defined in a similar manner to that in Equation (14), namely as

- Ty Ty Ty
T . 1 x¥x xQy xUz

X o = Tyllx TTyOxQy TTyOxQy
mecC MmeC

A 72 is therefore given by

where

and the meaning of the term V - § = 0xXx + dyXy + 9,%, follows from using a scalar
product notation.

Fortunately, by means of Table 2 the remaining unfamiliar looking term in Equation
(18) can be reformulated such that

T4&=—iy5(>3- " ))3

MecC

i.e. yields a sum of four-vectors of the type

Ty JTy T,
Tho, = | Zy DI SN DI 2+ | 2 2.
mec ! mec mec
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7 and j4 can be interpreted astensor andvector polarization particle current densities,
and of course J = ¥ (c&) Y is the well-known relativistic particle current density.
Obviously, the time evolution of the polarization density is governed by the ‘divergences’ of
these densities and by the interaction of the spin density S with the external electromagnetic
field.

7. Time evolution of the magnetization density

Per definition the magnetization density M. (7, 1), i.e. the relativistic spin magnetic moment
density per unit volume of the electron in its own frame, is given by [9]

Me 1) = uetr* .0) (BE) v .0,
where up is the Bohr magneton. Since the magnetization operator
M. = g BE
is time independent, the time evolution of its density contains only two terms, namely

[tz g ] WEED
[V Eon ey (o) = SRy X
+yt o Me—wa(:’t) .

With Hermitian scalar and vector potentials and by omitting the argument (7, #) one imme-
diately gets

d

ih—
dr

(v Mew ) = 2ecup vt (y5B7) ¥
+c¢r+[(&-ﬁ _ 7t -&)Me] "

which reformulated yields

Tty [t (@@ i) v] = oyt ipys)v. (23)
where
a@M.=(20M)ys=usB(20%)ys. (24)

On the rhs of Equation (23), ¥ (Z By ) ¥ is a kind of generalized moment density, since

0 —-I
ﬂ Vs = ( 12 0 .
As can be seen, in contrast to the time evolution of the polarization density, no terms with
B and E occur in the time evolution of the magnetization density.
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8. Bispinor representations and the non-relativistic limit
8.1. The Pauli equation in the presence of an external electromagnetic field

As is probably well known in viewing v in the time-dependent Dirac equation, Equations

(2) and (9) as a bispinor [10]
_( 9
V= ( X > (25)

where ¢ and y satisfy the following differential equations:

d - -
iha—fzcn-ox—l-(ev—l-mecz)(b, (26)
T-0 1 a
= _ ih— —eV —mec? ) x 27
X 2mec 2mec? (l ot ¢ e€ )X @7)

witht = (p — eA)I,. To lowest order (¢~ ) x is given [11,12] by

T-0
x D= ¢ (28)
&

which applied [13] on the rhs of Equation (27) leads to an expression for y in terms of ¢,

1 9 TG
@=11- ih— — eV — mec?
X [ 2mec? (l ot ¢ ec )] 2mec ¢

that in turn can be used in Equation (26) to yield a Pauli equation for ¢ with relativistic
corrections up to the order of 2, [14]

3¢ 7’ -
ih— = — UG - B+eV +mec? | ¢
dat 2me
LA (Ex7)+ teh (7 E) |o (29)
— o - X T T - .
8mic?  4mlc? 4m2c?

In Equation (29), the second term on the rhs corresponds to the ‘spin-orbit’ interaction and
the third to the so-called Darwin term.

8.2. Bispinor forms of the polarization, spin and magnetization densities and their time
evolutions

In terms of the bispinor representation Equation (25), the polarization and spin densities are
then defined by

N - - T T
T=¢"6¢p—xTox+¢7—x +x+m ¢

- e N e
S T R T ’
net (55 Yo r (5 2
meC meC

{§=¢+5¢+x+5x
Sa=i(pTx+xT¢) "’
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and the terms \(7) and j4 are given now by

<~ - T - T
J =¢+(a®—)¢+x+(0®—>x
nie me

—cpT(0Q®F)x+cxT(G®5)¢

o T . = ’
J4=¢+(i—X0+—)X

e _ me -
. T - T
+ xTli—xo0o+— )¢
me me
where
I io;, —ioy
o®ad=| —io, I 10x
ioy —iox Iy

In a similar manner, for the magnetization density one obtains
Me=up[¢p76¢ — x5 x]

Quite clearly, depending on what kind of approximation is made in Equation (27) a variety
of different relativistic corrections for the time evolution of the various densities can
be constructed with expressions that increase in complexity with the order of 1/c terms
included.

8.3. Non-relativistic limit

The advantage of introducing a bispinor representation is that the non-relativistic limit of
Equations (16), (21) and (23) can easily be read off because for ¢ = oo in Equation (28)
x = 0, one immediately gets

M
B

-

T=8=
<>

- T pud
J =¢" (0®—>¢, T4, 84, Js = 0.
ne
Consequently, the time evolution of the polarization, spin and magnetization density reduces
to d
- <> - >
IT+V-J=rinB
d - SN e o (30)
—./\/le+V-(,qu) =—M.xB
dr Mme
Comparing now Equation (16) with its non-relativistic counterpart in Equation (30), one
easily can see that in the latter case (a), the interaction with the electric field E is missing

and (b) S is reduced to a2 x 2 matrix vector, since ¢ = (o, 0y, 0-). The term ¢ ® 7 refers
to a 3 x 3 supermatrix,

OxTTx O—Xny OxTT,
O77Tx Uzny OxTTy
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that now correspom(ii) to a 6 x 6 square matrix. The ‘divergence’ of the tensorial particle
current density V - J in the non-relativistic case is then given by

<~
V. J =05+ 0y+0,.
1
Cou

As already mentioned in the introduction, it is important to point out that in all non-
relativistic interpretations of experiments, in which an external electric field is applied,
the time evolution of the polarization density is independent of E. Furthermore, because of
the SU2 invariance of the Pauli matrices for S and M. = ugS no preferred direction can
be defined.

9. Further considerations

Quite clearly, up-to-now only the case of a single electron was considered. Suppose that as
proposed in [5], the single-electron Dirac operator in Equation (2) can be replaced by an
effective Dirac operator

where T is the single particle kinetic energy operator and Vs (7, t; [n(7, 1)]) an effective
potential of the form

Vers(F t; [n(F, 0)]) = Veri (F, 1) + Vi (F, 15 [n(F, 1)])
+ Vie (7, 15 [n(F, D).

Of course such an assumption invokes immediately all the formal difficulties connected
with the time-dependent density functional theory (TDFT) [15-19]. Assuming the simplest
possible approximation [20], namely the so-called adiabatic local density approximation
(ALDA) , the exchange-correlation potential Vee 7, t; [n(F, t), m(F; t)]) and effective ex-
change field B(7, t; [n(r, t), m(¥; t)]) of an in general magnetic system are given by

Vee P, 13 [nGF, 1), s 1)) = el 1), mG: )]

Sn(r;t) ’
5 . . h SE rit), m(r;t
BG, 1 0. 1), i (7 0)]) = o el 0, m: D] G31)
2mc dm(r;t)
where n(r,t) = n and m(F;t) = ./\;le are the particle and magnetization density,

respectively.

Since all densities to be considered are of bilinear form, it was suggested [5] to describe
their time dependence in terms of instantaneous resolvents G(z, t) of Heyf (7, t), an ap-
proach that deals with time dependency (at least) on the level of first-order time-dependent
perturbation theory. Imposing particle conservation, this implies
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S (7: O 6
So(r; 1) ~ —n_l{ImTr / (7|©—(Z’ ) |7y dz
ot 8t
Ep (1)
+1Im (7| OG (EF (1) : 1) |7)}, (32)

where Ep(¢) and E(t) are the band bottom and the Fermi energy. The operator O and the
corresponding density w (7; 7) in Equation (32) can be picked up from Table 3. In principle,
if needed also the time evolution of the tensorial and vector current probabilities in Equation
(18) can approximately be determined.

One particular aspect has to be mentioned in the context of using LDA: because of
the non-relativistic origin of the usually applied local DFT parametrizations: B [n, /\;le]
in Equation (31) is only defined along an arbitrary z-direction, which in turn implies
that instead of X it is sufficient to consider only X.. Orientations other than along the

z-direction can only be introduced by similarity transformations of H.sr (7. ), see e.g.
[21].

10. Conclusion

In the last few years, fully relativistic ab initio schemes were frequently applied to describe
typical spintronic properties such as, e.g. the change in resistivity of realistic nanosystems
with respect to the orientation of the magnetic field.[22] Even attempts were made to
determine switching times and critical currents by means of multi-scale approaches using the
LLG equation and other ‘classical’ relations with ab initio parameters. The obtained results
agreed reasonably well [23] with the corresponding experimental data and suggested that in
dealing theoretically with time-dependent properties this leads to completely new insights
of switching processes [24]. However, in all these multi-scale schemes, a correct description
of time dependence was only circumvented.

It was the purpose of this paper to give a consistent derivation of the time evolution of the
polarization, spin and magnetization densities in terms of the time-dependent Dirac equation
and to compare these densities with their non-relativistic counterparts. Furthermore, in order
to at least indicate what numerical procedures could be used to approximate these time
evolutions in the case of realistic solid systems, the method of instantaneous resolvents as
discussed in [5] was recalled.

Quite clearly, there are still a lot of formal difficulties piled up on the way to a proper
theoretical description of changes in physical properties on a short time scale. However,
one has to realize that with the arrival of nanophysics no longer further (useful) reduc-
tions in length scales can be expected. In future, only time scales can further be re-
duced. The present paper is meant to contribute to the understanding of time-dependent
phenomena.
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