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Applications in Materials Science

The potential applications of group-theoretical meth-
ods in solid-state physics - synonymous for materials
science - depend on the various groups that are
specific for this field. For instance, the compact con-
tinuous groups SU(2) or its homomorphic image
SO(3, R) are widely used in multiple scattering theo-
ry. Proper point groups as specific finite subgroups of
SO(3, R) are employed when investigating macro-
scopic properties of materials that are described by
tensors of cenain ranks. Crystallographic space groups
containing Bravais vector lattices as countable sub-
groups are taken into account when describing bulk
properties of materials. Moreover, sectional layer
groups might rurn out to be of decisive importance
when discussing surface propenies of materials, since
they describe the symmetries of crystallographic
planes. Finally, penetration rod groups may eventual-
ly become important when investigating one-dimen-
sional defects in some materials.

Point Groups - Macroscopic Properties

Proper crystallographic point groups 9(,/ (9)) are,
by definit ion, intersection groups of the type
SO(3,R)nSL(3,2)  where the symbol  SL(3,2)  de-
notes the group of all integral 3 x 3 matrices with
det Z(z) - +1 such that, in addition, a cerrain
Bravais latrtce V(9) is mapped by these matrices

onto itself. Proper noncrystallographic point groups
I are, by definit ion, f inite subgroups of the proper
rotation group SO(3, R) which are not constrained
by the invariance condition of Bravais vector lattices.
Macroscopic properties of materials, such as stress
or conductivity, are described by tensors of certain
ranks which in the presence of symmetry are invar-
iant with respect to the symmetry group G in ques-
tion. For instance, the invariance condition implies,
f o r  a  second  rank  tenso r  {T ,p l i , k  -  1 ,2 ,3 } ,

I  lnR, , , , (R)  Rr , (R)  :Tn, ,  YRe,Q
i .k r

that, depending on the symmetry group ?, certain
tensor components vanish for symmetry reasons. For
instance, in cubic symmetry tensors of rank two are
proportional to the three-dimensional unit marrix.

Crystallographic Space Groups

A proper description of bulk properties in solids
requires the introduction of three-dimensional cry-
stallographic space groups which, loosely speaking,
can be seen as the invariance groups of three-dimen-
sional periodic structures. The basic constituents of
space groups are their underlying Bravais vector lar-
tices .V(9) and admissible crystallographic point
groups 9 that leave the Bravais vector lattice {(9)
invariant. Possible structures of space groups and
their classification schemes are discussed later.

Bravais vector lattices Let {f1 , tz, tt) be a set of
three l inearly independent (noncoplanar) vectors of
the Euclidean vector space Efr where the latter is

t1l
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regarded as the vector space component of the un-
derlying Euclidean point space Efr. To simplify the
notation, let t :(tt, tz, tz) be formally denoted as
row vector and4eZ3 as column vectors with integral
coefficients. Then, by definition,

{ ( Y l  -  { t :  t ' a l r y e Z 3 } l2l

f a l

L * lt :  e D  ( 9 )

where the countable set of vectors denoted by .9-(9)
determines uniquely a Bravais vector lattice which
can be traced back by means of an appropriate three-
dimensional nonsingular matrix D (g) e SL(3, R)
with det D ( 9\ > 0 to an orthonormalized basis e of
the associated Euclidean vector space Eft. It is worth
noting that the positive sign of the determinant gua-
rantees the right-handedness of the associated coor-
dinate system. Apart from this, the symbol t . 4
should be seen as formal scalar product and likewise
e W (9) are the formal multiplication of a row vector
times a 3 x 3 matrix. Moreover, one can define

t(z) :  tz(z) YZ(z)eSL(3,2) l4l

countable infinitely many vector bases for one and the
same Bravais vector lattice {(g), since the group
SL(3,2) is countably infinite. Accordingly, the corre-
sponding vector bases /(e) are equally well suited to
describe one and the same Bravais vector lattice.
Hence, the choice of standardized vector bases, such
as vectors of the shortest lengths, is subject to certain
conventions to achieve this goal.

Automorphisms of vector lattices - point groups To
understand the structure of crystallographic space
groups, one first has to understand the structure of
crystallographic point groups 9({) that leave a cer-
tain Bravais vector Iattice { (9) invariant. Obviously,

Aut({) : GL(3,2) l5l

which implies that the "automorphism group"
Aut({) is the most general group that leaves the
Bravais vector lattice { invariant, where GL(3,2)
contains SL(3,2) as normal subgroup of index two.
To assure that the point group 9({) contains only
orthogonal transformations) one demands the restrict-
ing condition

s(.E-): o(3,R) oGL(3,2) 16l

in order to guarantee a maximal set of ortho-
gonal symmetry operations that leave the Bravais
vector lattice { invariant. The action of the point
group operations R e9({) onto the elements of the

primitive vector basis f is given by

3

Rri: I  Zpi(R)tu 17)
k-1.

where the additional condition Z(R)eGL(3,2) must
be satisfied for all group elements Re7(,{) of the
crystallographic point group. The actual form of
the matrix representation {Z(R)} is characteristic of
the corresponding crystal class, once the associated
crystal system has been determined for the Bravais
vector lattice I in question.

Space groups - gross classification The easiest ac-
cess to crystallographic space groups is to start from
the locally compact continuous "Euclidean group"
E(3, R) which is composed of the locally compacts
three-dimensional continuous translation group
T(3, R) and the full rotation group O(3, R):

E(3' R) = r(3, R) O o(3' R) l8l

which symbolizes a semidirect product group
between the translation group and the full rotation
group. The Euclidean group E(3, R) is the most
general motion group whose corresponding transfor-
mations map the Euclidean vector space Ert onto itself,
such that not only the distance between two vectors,
but also the angle betlveen them remains invariant.
The nonsingular transformations .// (S I u) that are
uniquely assigned to the groups elements (S I a,), (X I
w)e E(3,R) are given by the following expressions:

. / / (Slu)x: Sx * u:  x 'eE3ut fq l
L ' l

-//(Slu)"//(Xlu): -//(Sxlu + Su) l10l

where the so-called Wigner-Seitz symbols are used to
denote the group elements of the Euclidean group. In
order to combine consistently the various notations,
one may express an arbitrary element of the Euclidean
vector space Eft as follows x : e ' 4, where 4 e R3 are
the corresponding column vectors with real-valued
components. Finally, the composition law of the Eu-
clidean group E(3, R) is given by [10] in terms of the
nonsingular transformations.

By definition, space groups (hereafter sometimes
denoted by the shorthand notation 9) are countable
subgroups of the Euclidean group E(3, R) where
the locally compact continuous translation group
T(3, R) is reduced to one of the noncountable infi-
nitely many Bravais vector lattices { and where the
full rotation group O(3, R) is reduced to the utmost
maximal crystallographic point group 9({) that
leaves the underlying Bravais vector lattice { by its
orthogonal transformations invariant. In mathematical
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terms, one wrltes

E :  { { ,e I  A,us} l11l
to symbolize space groups. Here, the entry V de-
notes the Bravais vector lattice and I its correspond-
ing crystallographic point group which satisfies the
group-subgroup relation 9^inc7c?^u*, where
9^in and its corresponding counterpart gmax are de-
termined by the associated arithmetic class of space
group types. Moreover, the symbol (0 denotes the
chosen origin of the associated coordinate system
and uEeErt, the set of nonprimitive translations
which are likewise called "fractional translations."
They are uniquely assigned to the point group ele-
ments Re9. Accordingl5

u . t s  :  {wB :  t  ' t 4R lReq}  l 12 l

where the components zReQ3 of the fractional
translations become rational numbers if the origin (0

of the space group G is suitably chosen. The corre-
sponding space group elements are denoted by
(R l-n -lt)e9, where again the Wigner-Seitz no-
tation is employed. The composition law of each
space group I must follow automatically from the
composition law [10] the Euclidean group E(3, R)
due to their group-subgroup relation. To be more
specific

(R l -n + r)  x (s lus +u)
: (Rs lzuxs +,n,s * , * Ru) i13l

tn,s : wn * Rru5 - taRS 114]

where the closure relation for the space group I
implies tB,se.{ for all point group elements R,Se9.
This allows one to classify the space groups into two
significantly different types, namely "symmorphic"
and "nonsymmorphic" space group types. The cri-
terion reads

Symmorphic I : fn,s :0 YR,SeQ 115]

Nonsymmorphic g : tn;*0 )R,SeQ 116l

which simply shows that symmorphic space groups
can be seen as semidirect product groups, whereas
nonsymmorphic space groups are more general ex-
tensions. As a matter of fact, there exist 230 space
group types which split into 73 mutually disjoint
arithmetic classes, where each arithmetic class is led
by a symmorphic space group type.

9-Invaiant atomic arrangements The simplest
model for a crystal is the static arrangement of at-
oms (molecules, clusters, etc.) where it suffices to fix

some atomic positions within one primitive cell
9({) and to exploit its space group symmetry to
obtain an infinitely extended periodic structure. Here
the symbol 9({) denotes the primitive cell of the
Bravais vector lattice { that is nothing but the par-
allelepiped spanned by the primitive basis vectors f.
Atomic positions in 9({) are denoted by xe7(.{)
and are classified by the so-called "Wyckoff posi-
t ions."  Here,  for  s impl ic i ty  G:  (R l *o+t)e9 a
shorthand notation for the space group elements is
introduced as

9(x1) : {G ee | -// (G)xi : xi} l17l

{" i@)} : {" iG) :. / /(Q)xi lGrs : e(x)} l18l

Groups of the type 9(x) defined by 11.71 are called
site groups. Infinite sets {(xi)9} defined by [18]
are called single site atomic arrangements. Two
positions, saf xi and xb are called I equivalent if
and only if, there exists at least one space group
element Ge9 such that ,//(G)x1:xp. Their site
groups are then con;'ugate subgroups with respect to
the space grotp I in question. However, if one can-
not find a space group element GeE such that the
previous condition holds, then the two positions are
called I inequivalent. The union of mutually disjoint
single site atomic arrangements defined by

{ * t , * 2 ,  . . . , x r , 9 }

:  {*t(E)} v {x2@)} v .--{x"(e)} l lel

is regarded as a multiple-site atomic arrangement
which describes a periodic structure that possesses
the space group I as its symmetry group. The notion
of 

'Wyckoff 
position is synonymous for connected

subsets of the primitive cell 9({), whose points
(vectors) possess image groups 9(x)-9(x) that
are conjugated subgroups with respect to its cry-
stallographic point group 9.Wyckoff positions may
consist of isolated points, lines, planes, or compact
subsets of I (,9-) . This specific classification of points
xe9({) is of importance in physical applications.
Since different elements or any fixed Wyckoff posi-
tion must have the same point group symmetry,
it may or may not lead to a change of energy when
the atoms vary their positions within one lfyckoff
position.

Space group-subgroup relations Group-subgroup
relations between crystallographic space groups
play a decisive role in structural phase transitions
which are accompanied by changes in the sym-
metry. UsuallS one assumes that the space group 7f
of the distorted phase is a proper subgroup (of finite
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index) of the space group I of the parent phase
which implies that.Kc9. Due to the reduction of
the symmetry at the phase transition, the distorted
phase can appear in several homogeneous simulta-
neously coexisting states which have the same struc-
ture but different orientations andlor locations in
space.  Let  9:  { . { ,7 lA,uts}  be the superspace
group and Y:  {9,910' , tue)  be the subspace
group of the former. In fact, three significant differ-
ent types of group-subgroup relations are possible,
namely

By definition, the vectors K: {Kt, K2, K3}, for-
mally written as row vectors, form the basis of the
corresponding reciprocal lattice { *, where { is the
underlying direct vector lattice. The Brillouin zone
g(q* ) is the counterpart of the \Tigner-Seitz cell of
the underlying direct vector lattice. The primitive cell
g(9-* ) is spanned as parallelepiped by the basis
vectors K. Recall that 9(7* ) and its symmetrical
counterpart gg-* ) are equally well suited to
describe the basic domains of the reciprocal vector
lattice {* .

{ Unineps Since { forms an abelian group, its
unirreps over the field 0 of complex numbers are one-
dimensional, which implies that they are unimodular
numbers. In fact,

Dk (Elt) : s-ik t

k - aKr -f fKz * yKs

where not only kefr(.{*) but also te{ should be
taken into account. It is to be noted that the { irrep
label ke fi(./ * 

) varies continuously over the Brillouin
zone. For instance, in the case of primitive cubic
Bravais vector lattices, the corresponding continuous
parameters have -1f2<a,0,|4 -f 1.12their domains
of definitions to avoid double counting of eventually
superfluous { irrep labels.

Periodic boundary conditions Once the so-called
"periodic boundary conditions" are imposed to any
given Bravais vector lattice {, it implies that only
finite homomorphic image of the originally counta-
ble Bravais vector lattice are considered. This reduces
the originally compact continuous Brillouin zone
.q(q* ) to a finite set of vectors. Hence, the original
continuous parameters a, f, ! become discrete and
lose their continuity properties. Usually, periodic
boundary conditions are introduced to avoid math-
ematical difficulties that arise from the fact that the
{ unnirceps (see eqn l25l are normalized to delta
functions. On the other hand, they reduce to ordi-
nary Kronecker delta functions if periodic boundary
conditions are imposed. Closely related to these dif-
ficulties is the fact that Bloch functions, which are
associated with infinitely extended crystals, cannot
be normalized to unit5 since their 12 norms do not
exist for fundamental reasons.

Little group unirreps The next step in Mackey's in-
duction procedure consists of determining the corre-
sponding little group 9(k)cE for each { irrep label
ke8({*). Once this is done, the corresponding

translationsgleiche : I : ./, 9c9

klassengleiche : I c{, I : g

120l

121l

o ) 1genera f  :  9c9 .  9c9

where by means of "Hermann's theoremr" it can be
shown that every general group-subgroup relation
between space groups can be traced back to various
chains of maximal translationsgleiche or klassengle-
icbe subspace groups. Group-subgroup relations of
infinite index are given by V Kopsky and D B Litvin
in 2002 in the International Tables for Crystal-
lography, Volume E, Subperiodic Groups, where
sectional layer groups and penetration rod groups
are discussed as subgroups of three-dimensional
crystallographic space groups.

Space Group Unirreps

This section focuses on the representation theory
of space groups with special emphasis on their un-
irreps. It is well known that space group unirreps
can be constructed systematically by applying
Mackey's induction procedure, which is exhaustively
discussed by C J Bradley and A P Cracknell in
L972 in The Mathematical Theory of Symmetry in
Solids. Mackey's induction procedure relies, among
others, on the assumption that the given group G
possesses a normal subgroup N whose unirreps are
known. Specifying these assumptions to space
groups, it implies that one should start from the
well-known one-dimensional F unirreps, since every
crystallographic space group I contains a Bravais
vector lattice { as its natural normal subgroup.

Reciprocal vector lattices In order to be able to
define the { unirreps, one has to define first the cor-
responding reciprocal vector lattice {* together
with its corresponding "Brillouin zone" 0(.{x)

n *  :  { I ( : I ( . r y 1 r y e 2 3 }

12sl

126l

[231

l24lt i  .K1  :2n5,
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9(k) unirreps are computed. To summarize,

E(k) : {Gee lDk(G-l(Elt)G) : Da(Elr)} l27l

s(k) -s(k) l {ce l28 l

s ( k )  :  { R e e l R  k : A + K ( k , R ) }  l z e l

where, in particular, it is assumed that K(k, R)e{*
for all point group elements Re7. The homomor-
phic images 9(k) of the little groups 9(k) are usually
called "little co-groups." It is to be noted that

K(k, Rs) : K(k,R) + RI((k, S) l30l

must be valid for all point group elements R, Se4(k)
as, otherwise, the closure condition for the little
co-group 9(k) wodd be violated. The closure condi-
tion [30] plays an important role when symmetrizing
plane waves or any other type of wave functions. It is
seen in this context that the reciprocal lattice vectors
K(&,R) e.V* may only occur if and only if, the as-
sociated kea({*) belongs to the surface of the
Brillouin zone 0(.{* ) as otherwise they are zero.

Apart from this, corresponding 9(k) anirreps are
usually obtained by computing suitable 9(k) unir-
reps. Provided the underlying space group G is
symmorphic, suitable 9(k) unirreps have to be ordi-
nary vector unirreps. However, if the underlying
space group I is nonsymmorphic, saitable 9(k)
unirreps are the so-called projective 9(k) unnirreps.
Nevertheless, the use of projective representations is
merely an auxiliary tool which simplifies the con-
struction of 9(k) unirreps significantly. Accordinglg
suitable 3(k) unirreps are constrained by the fol-
lowing condition:

D((R)D((R) : sk(R,s)D6(Rs) 131l

.qu(R,S) : exp(-ik.rn,s) l32l

for all point group elements R,Se?(k) and where
the special translations tp;_e{ are defined by fl.a1.
As previously noted, these vectors vanish, if the space
group I is symmorphic, and hence the corresponding
9(k) unfureps are ordinary vector representations.
However, if the space group I is nonsymmorphic,
the corresponding 9(k) unirreps may be projective
representations, since some t&,g_e { may be nonzero.
By definition, the constructions

ol,k1n1tuB+ r) : . it'tpi(R) 
t33l

dim D(,k(s(k)) : 
"(t) t34l

Pt'a lnlu n + t)Dt'k (slu s + u)
- 2i'n(RSlrzns * /n,5 * /*Rz) [35]

define ordinary vector 9(k) unineps, provided that
suitable 9(k) unirreps are constructed. Note in par-
ticular that (e.4(3(k)) define the complete sets of all
9(k) irrep labels. In summary the set of ordered pairs

.v(s(k)) : {(k, ()l(e,s@(k))} 136l

define complete sets of 9(k) unirreps for each
k e g ( { x ) .

Full space group unirreps The final step is,. among
others, to restrict the Brillouin zone fr({* ) to a
suitable subset, sometimes called "representation
domain," Lg({*,9), in order to avoid double
counting of equivalent I unirreps. This is done by
taking only one representative (arm) from each &-
vector star S(ft) defined by

S( f t )  :  {kBe0( . {x ,9 ) lk^ :R(  Re9}  l37 l

ls(k)l : le : e(k)l l38l
It is worth noting that the order lS(k)l of any star is a
divisor of the oder l9l of the corresponding cry-
stallographic point group 9. The union set of all
these representative ft vectors defines the representa-
tion domain Lg(7-* ,9). As commonly accepted in
physics, one takes a simply connected continuous
subset Lg({*,.Q) of the original Brillouin zone
g({* ) in order to avoid unnecessary difficulties
when dealing, for instance, with the so-called "com-
patibility relations," whichever have been discussed
for the first time by L P Bouckaert et al., in 1.936.

The actual final step in Mackey's induction proce-
dure consists in inducing the full I representations
from the 9(k) anirreps given by [33]. A general the-
orem guarantees that the corresponding induced I
representations are automatically irreducible. The
induction formulas read

of;t"'tct : 6ns&),ns-e61Dk't(A .cn-S l39l

G:  (R lun+t )  [40 ]

4: (Rlzur) l41l

E: (fllzd l42l

(  t .  R-1RS=E&\
5ns(p),ns_s(p) : I 143]

[ 0, otherwise

t i^ p&,t)rv@) : ls : o(k)l.n(() l44l

where the specific space group elements 4 : (Rltzt)
and B : (,51-,1) are coset representatives of the space
group I with respect to the corresponding little
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group 9(k). Specifying the conjugation 4 IGBeE

by taking into account [33] and [43], one immedi-
ately arrives at the following final formulas for I
unirreps:

of;tl) 11n1*n + r))
: 6ns&),Bs-s(ft)e-i8e'oi,s(R)Dr&(B-1Rs) l45l

oi,r(R) : exp(-ik . rr,i(R)) 146l

tt, i(R) : /8-,,R * /B-rp,5 - 4-Itp,Bt e ./ l47l

Clearly, if I defines a symmorphic space group, then
the corresponding phase factors Oi.s(R) defined by

[45] reduce to 1, since the special trlnslation vectors
/B,5 are zero-vectors. However, if g defrnes a non-
symmorphic space group, then some of the phase
factors defined by [a5] are nontrivial and lead to
quite different expressions for its corresponding I
unirreps.

Operator Representations of Space Groups

UsuallS space group symmetry and space group rep-
resentations are applied in the one-particle approx-
imation to Hamiltonians that describe the motion of
an electron in periodic structures quantum mechan-
ically. The first step consists of defining a homo-
morphism t:9--+U(9) of the given space group I
into a group of unitary operators U(9) that map the
underlying Hilbert space #: L'(R') onto itself
(here the spin degree of freedom has been neglected):

u(E) :  {u (G) lcee}  l48 l

Bloch Theorem - Energy Bands

The eigenvalue problem of periodic one-particle
Hamiltonians, where the spin degree of freedom is
neglected, presents one of the most popular examples
where group-theoretical methods are applied. Taking
into account that every space group 9, whether I is
symmorphic or nonsymmorphic, contains a counta-
ble translational group { as a normal subgroup, one
may use, as a first step, the translational symmetry
of the Hamiltonian represented by the vanishing
commutators

lH,u(El t ) l :0 Yte{ lszl

to simplify the eigenvalue problem. According to a
general theorem of functional analysis, the countable
set U({) : {U(Elt)lte{} of mutually commuting
unitary operators and the Hamiltonian H can be
diagonalized simultaneously.

Bloch theorem Bloch's theorem predicts partly the
form of the common eigenfunctions of the periodic
Hamiltonian. It leads to the following well-known
and extensively used statement:

vk(*) : rik"*1k,x1 l \  t l
t * . - l

w(k,x) :  w(k,x * t )  Yte,/  l54l

These eigenfunctions are called "Bloch functions," of
the Hamiltonian, and the unitary translational oper-
ators have the form given by [53] and [54]. The
translational symmetry has been utilized for this fac-
torization. The eigenvalue problem reads

HYk:E(k)Ye ' \ \ l
L " " l

where the eigenfunctions are assumed to be Bloch
functions. Nfhat remains to be done in practical ap-
plications is the determination of the periodic Bloch
factors

w(k) :9 ( { ) - - 'C , Is6]
for every ke6({*), which is a problem in its own
right. Simple manipulations yield the following non-
countable infinite set of decoupled partial differential
equations for the unknown Bloch factors:

H(k):hrn+hk)z+ v(x) lsTl

H(k)w(k):  E(k)w(k) ls8l

for all keA@-*) where, in particular, the operator
Q: -ihY is the usual differential operator but its
domain of definition is the Hilbert space L'z@(9-))

f u(c)ol (x) : 4Q// (G-\x)

u(G)u(G') : u(GG')

14el

150l
In this con^text, ̂it is worth noting that every mapping
,//(G): R'--R' is nonsingular but l ikewise nonlin-
ear, if and only if the translational part teT con-
tained in G : (Rl-n + /) is nonzero, whereas the
uniquely associated unitary operator representation
is linear with respect to the Hilbert space 121R3; in
any case. The one-particle Hamiltonian reads

u : !p '+v (x )
zm lsll

where the potential is responsible for the symmetry
of the problem. Apart from this, space groups and
their representation theory are likewise utilized in
order to simplify systematically the diagonalization
of the force matrix in the "harmonic approximation"
when dealing with lattice vibrations in classical point
mechanics.
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group 9(k). Specifying the conjugation 4 IGB=E

by taking into account [33] and [43], one immedi-
ately arrives at the following final formulas for I
unirreps:

of;(l[e 11n1*n + r))
: 6neu,),xs_e(ft)e-i8ft.'oi,s(R)Dte(R-1Rs) l45l

oh,r(R) : exp(-ik rr,s(R)) 146l

f t , i (R )  : /B - , ,R* /B - rp ,5  -4 l t p ,B re  {  l 47 l

Clearly, if I defrnes a symmorphic space group, then
the corresponding phase factors Oi.r(R) defined by

[45] reduce to 1, since the special trlirslation vectors
/8,5 are zero-vectors. However, if I defines a non-
symmorphic space group, then some of the phase
factors defined by [a5] are nontrivial and lead to
quite different expressions for its corresponding I
unirreps.

Operator Representations of Space Groups

Usually, space group symmetry and space group rep-
resentations are applied in the one-particle approx-
imation to Hamiltonians that describe the motion of
an electron in periodic structures quantum mechan-
ically. The first step consists of defining a homo-
morphism t:9--rU(9) of the given space group I
into a group of unitary operators U(9) that map the
underlying Hilbert space #: L2(R3) onto itself
(here the spin degree of freedom has been neglected):

u(E) :  {u(G) lcee}  l48 l

Bloch Theorem - Energy Bands

The eigenvalue problem of periodic one-particle
Hamiltonians, where the spin degree of freedom is
neglected, presents one of the most popular examples
where group-theoretical methods are applied. Taking
into account that every space group 9, whether I is
symmorphic or nonsymmorphic, contains a counta-
ble translational group 7 as a normal subgroup, one
may use, as a first step, the translational symmetry
of the Hamiltonian represented by the vanishing
commutators

[H, U(Elr)] :0 Vtee- lszl

to simplify the eigenvalue problem. According to a
general theorem of functional analysis, the countable
set U({) : {U(Elt)lte{} of mutually commuting
unitary operators and the Hamiltonian -Fl can be
diagonalized simultaneously.

Bloch theorem Bloch's theorem predicts partly the
form of the common eigenfunctions of the periodic
Hamiltonian. It leads to the following well-known
and extensively used statement:

Yk1x; :  , ik**1k,x1 I \  i l
t " . - t

w(k,x) :  w(k,x * t )  Yte {  l54l

These eigenfunctions are called "Bloch functions," of
the Hamiltonian, and the unitary translational oper-
ators have the form given by [53] and [54]. The
translational symmetry has been utilized for this fac-
torization. The eigenvalue problem reads

HYk:E(k)Yft J ' \ \ l
t " " l

where the eigenfunctions are assumed to be Bloch
functions. 

'What 
remains to be done in practical ap-

plications is the determination of the periodic Bloch
factors

w(k) :  
" ( { ) - - ,C .

Is6]
for every keh({*), which is a problem in its own
right. Simple manipulations yield the following non-
countable infinite set of decoupled partial differential
equations for the unknown Bloch factors:

H(k) :* rn+hk)z+v(x) lsTl

H(k)tu(k): E(k)ut(k) [s8]

for all keA@-*) where, in particular, the operator
Q: -ihY is the usual differential operator but its
domain of definition is the Hilbert space L2@e-))

fu(c)ol(r) : fQu(G 1),c)

u(G)u(G/) : u(GG')

14el

[50]

In this context, it is worth noting that every mapping
.,//(G): R'--R' is nonsingular but l ikewise nonlin-
ear, if and only if the translational part t e { con-
tained in G : (Rl-n + f) is nonzero, whereas the
uniquely associated unitary operator representation
is linear with respect to the Hilbert space 121m3; n
any case. The one-particle Hamiltonian reads

H : ! P 2 + v ( X 1
zm 151l

where the potential is responsible for the symmetry
of the problem. Apart from this, space groups and
their representation theory are likewise utilized in
order to simplify systematically the diagonalization
of the force matrix in the "harmonic approximation"
when dealing with lattice vibrations in classical point
mechanics.
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together with periodic boundary conditions which
give rise to a pure point spectrum of the operator Q
in contrast to P : -|hY that possesses a continuous
spectrum with respect to L2(Rr). To recapitulate, if
one does not introduce periodic boundary conditions
for the original eigenvalue problem, admissible vec-
tors ke fi({ * 

) v".y continuously over the Brillouin
zone, whereas the spectrum of the momentum oper-
ator g is discrete and coincides with the correspond-
ing reciprocal lattice Ke {* . Assuming that [58] has
been solved for all ke0(.V* ), then [55] reads

HYy : E"(k)Y:," |  \ 9 1
t " ' l

where z e N is usually called the "band index,"
where s : 1,2,... , d"g E, (k) describes possible de-
generacies of the eigenvalues E,(fr). The band index
z is a countable index, since the Hamiltonians H(k)
given by [57] possess pure point spectra for fixed
ken( t - *  ) .

Energy bands To define energy bands in terms of
functions of the following type E, : fi(Vx ) --+ R, one
has, in principle, two different possibilities. Either
one defines these functions by assuming the strict
ordering

1 .  E { k ) < 8 2 ( k ) < , . .  < 8 " ( k ) < E " + t ( k ) < . . .  1 6 0 l

2' E"(k) : analytic functions 161]

or one demands that these functions be analytic
functions. The second possibility is usually preferred,
since it leads to smooth functions with respect to the
variable k"e fr({* ), whereas the first possibility may
lead to cusps with band contacts and hence acciden-
tal degeneracies. Obviously, the second possibility
may likewise lead to band crossings, which indicate
the same type of accidental degeneracies.

Wannier functions Assume that the eigenfunctions

{Yfn} are orthonormal with respect to the scalar
product of the underlying Hilbert space ff:

<Yf'",Y!""' ) * : 6(k - k')6nn'6,,' 162]

where the entries 6(k - k') define the delta functions.
This implies that for the infinite system, that is, sys-
tem without periodic boundary conditions, Bloch
functions cannot be normalized to unity. This is one
of the main reasons for the introduction of periodic
boundary conditions, since then the delta-functions
reduce to ordinary Kronecker deltas, which means
that the corresponding Bloch functions become
square-integrable functions. In the case of infinite

systems,'Wannier functions are defined as

on,t  :- - 5 , iktryk,n 
163]

<o:r ,o(,r ' )  3s :  5s,s,6na,6s, 164l

which are square integrable and orthonormal with
respect to all labels t, n, s respectively. These func-
tions are localized around the positions teT
but have infinitely many oscillations to achieve their
mutual orthogonality. 

'Whether 
the Bloch functions

Y!'" are directly taken to construct [63] or specific
linear combinations (U matrix approach) of

{Yf 
, '  

I s : 1, 2, ... , deg E"(k)} are considered, turns
out to be problem of its own right and is sensitively
influenced by the physical problem.

Energy bands - full space group symmetry More
information is gained regarding the degeneracy of
the eigenvalues E"(ft) and their corresponding eigen-
functions {Yf''}, if the full space group symmetry is
exploited. The correspondingly refined eigenvalue
equation reads

Hyf;E) t's'" : afl11vfrt t s,"

E (k) : E (Kk) Y&ee : e(k)

deg Ef(k) : le , o(k) | .n(()

l6sl

166l

167l

where the eigenfunctionsY#'()Is'n are written as 9-
symmetry-adapted functions, the eigenvalues Ef(k)
are labeled by the band indexn and the I irrep labels.
Apart from this, the formula 167l for the degeneracies
of the eigenvalues is valid, if and only if there is no
accidental degeneracy caused by band crossings. The
symmetry properties (see eqn 166]) of the eigenvalues
explain why energy band calculations are restricted to
subsets of k vectors, namely keA,fr({* ,9), where
the symbol Lg({* ,9) denotes the so-called repre-
sentation domain of the Brillouin zone fr({'*).Note
that Lfi(.{*,1) presents, loosely speaking, the lglth
part (simply connected subwedge) of the Brillouin
zone. The restriction to A,0(.{* ,9) guarantees the
uniqueness and completeness of the corresponding9-
irrep label set .il (9):

.d(E) :  { (k ,C) lkeL,$(vx ,3) ;  (e . i l (e(k) ) }  168l

Compatibility relations It was in the famous article
of L P Bouckaert et al. in L936 where for the first
time continuity properties of 9-symmetry-adapted
eigenfunctions were discussed. The basic idea was

1 [

,ffi1't-* Yl *v* '
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together with periodic boundary conditions which
give rise to a pure point spectrum of the operator Q
in contrast to P : -rhY that possesses a continuous
spectrum with respect to t2(R3). To recapitulate, if
one does not introduce periodic boundary conditions
for the original eigenvalue problem, admissible vec-
tors keA({*) vary continuously over the Brillouin
zone, whereas the spectrum of the momentum oper-
ator Q is discrete and coincides with the correspond-
ing reciprocal lattice Ke {*. Assuming that [58] has
been solved for all ke A(V*), then [55] reads

HYr" : E"(k)Y:'" [se]
where z e N is usually called the "band index,"
where s :  1 ,2, . . .  ,  d .g E"(k)  descr ibes possib le de-
generacies of the eigenvalues E"(k). The band index
z is a countable index, since the Hamiltonians H(k)
given by [57] possess pure point spectra for fixed
k e g ( g * \ .

Energy bands To define energy bands in terms of
functions of the following type E, : fr({* )--+ R, one
has, in principle, two different possibilities. Either
one defines these functions by assuming the strict
ordering

' t  .  E1(k) <Ez(k) < .. .  <E"(k) <E"+t(k) < .. .  160l

2. E"(k) : analytic functions 161l

or one demands that these functions be analytic
functions. The second possibility is usually preferred,
since it leads to smooth functions with respect to the
variable ke O({* ), whereas the first possibility may
lead to cusps with band contacts and hence acciden-
tal degeneracies. Obviously, the second possibility
may likewise lead to band crossings, which indicate
the same type of accidental degeneracies.

Wannier functions Assume that the eigenfunctions

{Yf'"} are orthonormal with respect to the scalar
product of the underlying Hilbert space 3f :

<Yf'" ,Y('"' ) * : 6(k - k')an '6,,' 162l

where the entries 5(k - k') define the delta functions.
This implies that for the infinite system, that is, sys-
tem without periodic boundary conditions, Bloch
functions cannot be normalized to unity. This is one
of the main reasons for the introduction of periodic
boundary conditions, since then the delta-functions
reduce to ordinary Kronecker deltas, which means
that the corresponding Bloch functions become
square-integrable functions. In the case of infinite

systems) Wannier functions are defined as

on,I  :- -s , ikttyk,n 
163]

<o:r ,a!,'t ' ) sy : 61,1,6nn,9,,, 164l

which are square integrable and orthonormal with
respect to all labels t, n, s respectively. These func-
tions are Iocalized around the positions t e .{
but have infinitely many oscillations to achieve their
mutual orthogonality. 

'SThether 
the Bloch functions

Y!'" are directly taken to construct [63] or specific
linear combinations (U matrix approach) of

{Y:"  ls  :  1 ,  2,  . . . ,deg E"(k)}  are considered,  turns
out to be problem of its own right and is sensitively
influenced by the physical problem.

Energy bands - full space group symmetry More
information is gained regarding the degeneracy of
the eigenvalues E,(k) and their corresponding eigen-
functions {Yf'"}, if the full space group symmetry is
exploited. The correspondingly refined eigenvalue
eouation reads

Hvf'a t o'" : ElluSvff a rs'"

E (k) : E (eO Y&ee : e(k)

degEf l (k)  :  le ,s(k) l  .n(C)

where the eigenfunctions Y*'l)Ie'" are written as 9-
symmetry-adapted functions, the eigenvalues Ef(ft)
are labeled by the band rndex n and the I irrep labels.
Apart from this, the formula 167l for the degeneracies
of the eigenvalues is valid, if and only if there is no
accidental degeneracy caused by band crossings. The
symmeffy properties (see eqn 166l) of the eigenvalues
explain why energy band calculations are restricted to
subsets of k vectors, namely keA0({* ,9), where
the symbol Lg(q* ,9) denotes the so-called repre-
sentation domain of the Brillouin zone fi({* ).Note
that A,9({* ,9) presents, loosely speaking, the lglth
part (simply connected subwedge) of the Brillouin
zone. The restriction to L9({* ,Q) gtarantees the
uniqueness and completeness of the corresponding 9-
irrep label set .& (9):

i l (E) : {(k, 0 | ke L#({*, e); (e " i l  (e(k))} 168l

Compatibility relations It was in the famous article
of L P Bouckaert et al. in L936 where for the first
time continuity properties of 9-symmetry-adapted
eigenfunctions were discussed. The basic idea was

I*e*t
L

_ '
, l l g ( g *  l l

l6sl

166l

167l
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to change smoothly the continuous parameters
keLfi({* ,9) in the vicinity of some k-vectors and
study the transformation properties of the corrssgond-
ing 9-symmetry-adapted eigenfunctions Y$;6) tn'n at
different k-positions, say k and k' : k+ e. In addition,
the authors studied whether the assigned eigenvalues,
say Ef(k) and Ef(k * e) may or may not split, de-
pending on the relationship of the associated little
co-groups 3(k) and g(k+ e). The important result
culminated in the so-called compatibility relations
which allow one to make some predictions on the
splitting of energy bands. To summarize, if and only if
g(k) : g(k+ e), then, because of Dk'(@&D Ig&+
d : Dkr@(k)) it follows that E (k* e) must not
split. Conversely, if and only if, g(k)c.9(k+ e), and
if, in addition, Dk,t(g(k)) Ig& * e) becomes reduc-
ible, then the corresponding eigenvalue Ellk * e) may
split, unless accidental degeneracies occur. The com-
patibility relations are an indispensable tool when ca-
lculating energy bands or phonon dispersion relations,
since in many situations the numerical accuracy may
be insufficient to decide whether eigenvalues degene-
rate or not.

Space Group Symmetrized States

As alre.ady noted, the 9-symmetrized eigenfunctions

{vf,'tltv';r, which are normalized to uiity, are mu-
tual orthogonal and, by definition, transform ac-
cording to the E unirreps. One simply proves that the
eigenfunctions

y&tn's,n @) : r14k." *5l (&k, *) 16el
retain their structure to form Bloch functions, where
the lattice periodic Bloch factors carry the trans-
formation properties with respect to the corres-
pondingly conjugated little co-groups g(&k): &9
(k)R t. Turning back to the penultimate step of the
induction procedure, one has the forms

,y$,a) I s," 
1x7 : rik' " *5'" (k, *)

where Re7(k) is assumed. It is worth noting that
definition [72] is used to assign uniquely via defini-
tion [73] to each unitary operator U(Rlrllp) for every
A-vector belonging to A,fi({*,9) an isometrical
operator Va(Rla/R) where, especially, the constraints
Re9(k) must not be forgotten. To summarize,

lvk(xlwB)w|"(4\*t
_ .-iR&.zn.iK(k,R) "w<," (k,R r (, _ *n)) 174)

where every set of operators vk@&)): {Ve(Rl
uB)lRe7(k)] forms a generalized unitary operator
representation with respect to the Hilbert space
L2@@-)), since these operators leave rhe L2(g({))
scalar product invariant. Rather straightforward
manipulations yield

vk(nltuB)vk(sl-s) : e-ia' 'R'sVk(RSl-ns) 175l

for all point group elements R,Se9(k).In fact, the
operator representation Vk(g(k)) defines the so-
called "projective multiplier" representations, since
the occurrence of the factor system [32] on the RHS
of l75l shows, among others, that they must be
projective ones. The notion multiplier representation
comes from the extra factor .-iK(k'R) n on the RHS of

174], where the special reciprocal vectors
I((ft,R) e {* may occur, if and only if the vectors
keL8({* ,9) belong to the surface of the corre-
sponding Brillouin zone #({* ). Accordingly,

"(t)
vk (nluB)wf" (k) :l)of'j 1nl*tu" 1nl V6l

which represents the transformation properties of the
lattice-periodic 9(k)-symmetrized Bloch factors. It is
to be noted that even in the case of symmorphic space
groups the extra factors .-iK(a,R) r on the RHS of [7a]
occur and hence crucially enter into the discussions
when constructing 9(k)-symmetrized functions as the
penultimate step in the induction procedure. Point
symmetrized states have been extensively discussed
by S L Altmann and P Herzigin 1994.

Symmetrized plane waves A brief comment on the
construction of symmetrized plane waves is made
here. By virtue of the previous discussions, it is im-
mediately clear that the construction of all 9(k)-
symmetrized bases of the image Hilbert space
L2@VD is sufficient to obtain symmetrized plane
waves, since the last step in the induction procedure
consists in inducing from 9(k)-symmetrized bases,
the 9-symmetrized bases. As noted before, an ortho-
normalized basis of the Hilbert space L2(9({)) is

u (R I u{vf,;o I E'n - 
f of'j 1n7v&'o I E'n
b:1-

170l

171l

172l

173l

which represents the special case -( : E where, es-
peciallS G : (RlrzB) e9(k) with Re9(k) and r : 0.
This yields the subset of the eigenfunctions that must
transform according to the corresponding 9(k) un-
irreps. Accordingly one can define

fu(R lazx)Y&'t)IE'1@)
: lv $-,tt t's,re// g | * B)-' *)

: ,  rn' x yvn 1\w i lw| '" (k)l(x)



298 Group Theory in Materials Science, Applications

defined by the plane wave basis {<DK lKe{*}: r$''t;t's . The appearance of nontrivial multiplicities

*( (k . .  ) . ) .  (k '  .  ( '  ) l (k ,  4)  > 1

causes additional difficulties, since not only the deter-
mination of suitable Clebsch-Gordan coefficients
becomes more complicated, but also the dependence
of the reduced matrix elements causes additional
problems. These problems might be the main reason
why the application of the \X/igner-Eckart theorem in
solid-state physics has not been popular. Basic mate-
rial concerning space group unirreps and Clebsch-
Gordan coefficients for space groups were cited by A P
Cracknell et al., in 1,979 and 1980. Important appli-
cations, such as infrared absorptions or Raman spec-
troscopy, of this topic are discussed by J L Birman and

J F Cornwell in 1,974 and 1.984, respectively.

What Group Theory Provides

Finally, the usefulness of group-theoretical methods,
especially in solid state physics, when applied to
simplify certain tasks, is summarized. Here, exclusive
comments on group-theoretical tools and methods
which refer to space groups, subgroups of space
groups, and eventually certain homomorphic images
of space groups are made. Possible applications of
so-called magnetic space groups, spin groups, and
other groups to describe the symmetries of more
complex periodic, or even quasiperiodic structures,
such as the symmetry properties of quasicrystals, are
not discussed here.

Brauais uector lattices and swblattices. Group the-
ory presents an effective tool to identify vector lat-
tices and their sublattices, which are useful for
determining not only their crystal system and their
crystal class, but also their correlations to standard-
ized lattices. Standardized lattices have basis vectors
of the shortest length and specific orientation.
Deformed and distorted lattices. By definition,
deformed lattices are obtained by continuously
varying the lattice parameters, whereas distorted
lattices have lattice matrix that is post-multiplied
by a nonsingular matrix which describes the dis-
tortion. The proper identification of such lattices
is of vital importance in practical applications, for
instance, in relaxation processes.
Subgroups of space groups of finite index. Group-
subgroup relations of space groups of finite index
are of interest in structural phase transitions that
are accompanied with changes in symmetry. The
knowledge of admissible chains of subgroups
from the determination of all intermediate groups
is vital in such discussions. since they allow one ro

oK(x) : - ! . - ' * *
\/ls(e-)l

(o*, o"' ) p@g)) : 6x,x,

177)

178)

Now, let oK be a fixed plane wave. To achieve 9(k)-
symmetrization, one must apply for the chosen
ke L0(.{* ,9), the corresponding set of unitary op-
erators vk@&)) to the fixed plane wave (DK which
induces a 9(k) matrix representation, which in gen-
eral should be decomposed into a direct sum of its
irreducible constituents. The definition [74] yields

lvk(Rla/R)oKl(tr)
_ ._iRA.an._ir((ft,R),Or((R_t (* - *o ) )

:. iR(fr+r;tRK+i((k,R)(x) 
l79l

which illustrates among others, the importance of the
specific reciprocal lattice vectors K(ft, R) € {* , where
the latter inevitably occur if the corresponding k-vec-
tor keL,#({*,91 brlongs to the surface of the
Brillouin zone #({* ). To summarize, even in the
case of symmorphic space groups, nontrivial multi-
plier representations may be realized. Once the 9(k)
matrix representations are decomposed into their
irreducible constituents, the last step of the induction
procedure consists in passing over from the corre-
sponding 9(k) unirreps to I unirreps in order to con-
struct the correspondingly symmetrized plane waves.

Selection rules for space groups Let I be a space

group and {vf'tlt's'", be some g-symmetrized

eigenfunctions of the Hamiltonian H in question.

Moreover, 1q 7@",t"")Iv : {fff ' ' t ;tol S-ea :9@);

s : 1,2, ..., n()o)j, an irreducible I -tensor operator
of rank (k,,7,)t9. According to the \Tigner-Eckart
theorem, one expects

,)"") I e y&!,(' ) I,e,n, >

x (y&.€t 1 s., 
llT\k" 

)"r 1 e 
llv\k' 

.e' ) | s.i

where the absolute square of the matrix elements de-
scribes, apart from a time dependent facto\ "Fermi's
golden rule," namely the transition probability from

the initial starcvf,',;f')It''' to th" final state Yf'ol't'",

provided that the interaction operator is described by
the irreducible E tensor operator component

lv f 'g lv ' " , t ' re"
m((k") . ) , (k ' , (: t

w:7

I  ra, o,).
l R a  I
l - /

, l80l
) w
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predict the preferred chains of admissible struc-
tures of the intermediate phases.
Coset and double cosets of space groups. In phase
transitions (with changing structures) which are
accompanied with the loss of symmetries, it turns
out that simultaneously coexisting domain states
are generated whose positions and orientations in
space are directly related to the coset decomposi-
tion of the parent space group with respect to the
subspace group (and correspondingly conjugated
subspace groups) which describes the symmetry of
the domain states. Likewise, double coset decom-
positions are used to describe the so-called or-
dered domain states.
Sectional layer and penetration rod groups. The
systematic determination of the symmetries of
crystallographic planes, which are subsumed un-
der the notion of sectional layer groups, as
subgroups of three-dimensional space groups,
plays an essential role in the analysis of the phys-
ical properties of two-dimensional surfaces. Like-
wise, the symmetries of crystallographic lines
denoted as penetration rod groups are of interest
when describing one-dimensional defects.
Point group symmetries of tensors. Macroscopic
properties, such as electrical conductivity, are usu-
ally described by tensors of certain ranks. In the
presence of some symmetries, for example, point
group symmetries, the invariance of such tensors
with respect to point groups leads to restrictions
as regards their nonzero components.
Space group wnirreps. The computation of space
group unirreps by means of Mackey's induction
procedure can be carried out systematically for
every space group in question. Likewise, this ap-
proach allows one to gain more insight into the
constructions of space-group-symmetrized states.
Space growp Clebsch-Gordan coefficients. Know-
ledge of sets of space group Clebsch-Gordan co-
efficients allows one not only to study selection
rules when calculating transition probabilities, but
also to construct systematically product states that
transform according to the Kronecker product of
the space group in question.
Bloch theorem. One of the most prominent ap-
plications of group-theoretical methods in solid-
state physics is presented by the Bloch theorem.
This theorem allows one to predict the functional
form of the common eigenfunctions of the mutu-
ally commuting translational operators which rep-
resent the Bravais vector lattice and the periodic
Hamiltonian, where the latter is assumed to com-
mute with the translational group.
Spectral properties of periodic Hamibonians.
Once, the entire space group symmetry of the

periodic Hamiltonian is taken into account, more
information gained not only as regards the point
group symmetries of the energy eigenvalues, but
also systematic construction of the corresponding
eigenstates.
Compatibility relati.ons. The continuity behavior of
the energy eigenvalues and their associated eigen-
functions in the vicinity of some k-vectors can be
described by some specific subduction rules of the
corresponding g&) unirreps when passing over
continuously to some adjacent k-vectors with lower
symmetry. Thus, group theory provides a necessary
condition which decides whether the eigenvalues do
not split or alternatively may eventually split.
Transformation properties of states. An important
task in applications, for instance energy band cal-
culations, concerns determining according to which
representation the lattice periodic Bloch factors
transform. Every careful treatment of this problem
inevitably leads to multiplier or even projective
multiplier representations of the corresponding lit-
tle co-groups provided that in the latter case the
underlying space group is nonsymmorphic.
Symmetrized states. The systematic construction of
space group symmetry-adapted functions follows
closely along the lines of Mackey's induction pro-
cedure for space group unirreps. For instance, sym-
metrized plane waves may be useful when calculat-
ing matrix elements of some interaction operators.
Symmetrized operation. In order to apply the
'l7igner-Eckart 

theorem to space groups, irreduc-
ible space group tensors are required. However, in
many cases the interaction operators do not rep-
resent irreducible space group tensors. Neverthe-
less, group theory allows one to decompose any
operator into a sum of its irreducible space group
tensor components. The corresponding method
closely resembles the symmetry adaptation of
states, apart from some minor modifications.
Vigner-Eckart theorem. The application of the
'l7igner-Eckart 

theorem to problems which pos-
sess space group symmetry requires not only the,
knowledge of space group symmetry adapted
states and irreducible space group tensors, but al-
so the corresponding space group Clebsch-Go-
rdan coefficients. Due to the fact that space groups
are nonsimple reducible groups, additional diffi-
culties may arise because of the occurrence of
nontrivial multiplicities.
Magnetic groups - co-representations. The inclu-
sion of the so-called "antiunitary" operators, for
instance, the time reversal operator, requires, sub-
stantial extension of the concept of groups to the
so-called magnetic groups, and their representa-
tions to co-representations.
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Applications of Group Theory

Group theory was originally used extensively in
evaluating the so-called energy band structures along
special symmetry directions, that is for computing
the eigenvalues corresponding to a special k-vector
from the three-dimensional Brillouin zone of a par-
ticular bulk system. The reasons were quite clear,
namely the dimension of the secular matrix could be
reduced substantially and therefore the computing
times for inversion or diagonalization procedures
were drastically shortened. Furthermore, respective
compatibility relations guaranteed an unambiguous
classification of energy bands along the rays in the
Brillouin zone. The usefulness of such classifications
was, in particular, evident in photoemission experi-
ments and studies involving the Fermi surfaces.

With increasing speed of computers, in particu-
lar, with the innovation of architectures utilizing
vectorizations, efforts at directly deriving the physi-
cal properties grew. This implied, for example, in
most cases summations over all occupied states, that
is, the use of Brillouin zone integrals by means of so-
phisticated sampling techniques. Thus, no longer were
individual k-states of interest, but so was the sum over
all these states. Consequently, the incentive for using
group theory shifted from pro;'ecting particular states
to theoretical means of reducing the computational
efforts in evaluating Brillouin zone integrals.

Nowadays, most theoretical descriptions of prob-
lems in materials science, nanoscience, etc., are based
on Kohn's density-functional theory, that is, on the use
of effective (single-particle) Hamiltonians (H.g,
Kohn-Sham Hamiltonians). In particular, since the
interest in solid-state physics shifted to systems with
surfaces and interfaces, mostly group-theoretical
means for two-dimensional translationally invariant
systems are applied. It turned out that in two kinds of
applications, namely in Brillouin zone integrations
and in reduction of angular momentum coupling con-
stants, the use of group theory is very valuable indeed.
These two applications are discussed below and are
meant to illustrate the contemporary use of group
theory in solid-state physics.

Brillouin Zone Integrations

Taking the density of states as the simplest physical
observable,

/ \  I
n ( e ) : - : I m 9 ( r , r , t ' )

where the Green's function 9(r,r,e) is the diagonal
configuration space representation of the resolvent of
H"t, (z - H.g)-' and 9(k;e) the corresponding lat-
tice Fourier transformed Green's function, and l{l
the order of the translational group. It should be
noted that in eqn [81] a symmorphic space group is
assumed and l0({* )l refers to the volume of the
corresponding Brillouin zone fi (,7 * 

).
Suppose now that an appropriate matrix repre-

sentation is used for 9(r,r,t) and 9(k;e), which, of
course, depends largely on the applied quantum me-
chanical approach: Korringa-Kohn-Rostoker meth-
od (KKR), linear combination of muffin-tin orbitals
(LMTO), or by using directly the effective Hamil-
tonain in the formulation of n(t) by means of a
pseudopotential approach, or the linearized augmen-
ted plane wave method), then eqn [81] can be re-
written as

t f
n( t )  :  -  - lg(9 *  

) l  
'  

/  tm t r  lg lk :  t )  dk l
f t J

1 f f I
:  -  ! l g t s - * ) l  r l r n  t r l  I  g t k : t l dk l  f 83 l

f t ' u l

where 9(k;e) refers to the matrix representation of
the Green's function and tr denotes the trace. In most
of the methods mentioned above, the matrix repre-
sentations are related in essence to angular momen-
tum representations, that is they are expressed in
terms of  spher ica l  harmonics.

Let 3 be the point group of the underlying (three-
dimensional) lattice { and suppose D(S) contains
blockwise the irreducible reoresentations of Se9.If
LgE (g-* ,9) : L,fip as shorthand notation denotes
an irreducible wedge of the Brillouin zone of volume

ILTEV-*,9) l : lLbul ,  then any other  wedge
L95({* ,9) of the Brillouin zone is defined by

Lss ( { * ,e ) : { sk l keL f rB l }  l 84 l

where Se9 : 9(k\ is sufficient such that the union of
the mutually disjoint subsets, (formally written as a
sum here) can be written as follows:

sa(q*)  : tLss({* ,s)
S e ?

It is seen from eqn [83] that

lssl

e (S-1 k; e) : P(S)r E(k; e) D(s) l86l

that is for a rotated ft vector, the corresponding
Green's function matrix is related to the original one
by means of a similarly transformation.

181l

lB2l:  - ) l * ru*) l '  
I  rm e(k ;e)  dk
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The Brillouin zone integral in eqn [83] can, there-
fore, be expressed as

'  ,  I  E t k , r a p
ls(e-* ) l  I  

- '  '

:  - f-  I  mrsr- |  /  e&;e)aplmtsl l87l-  
l \gd - r - r* , -  LJ^st  I

which, of course, results in a very large reduction of
computing time, even if the order of the point group is
rather small. In the case of a relativistic description,
(Kohn-Sham-Dirac Hamiltonians) in the presence of
an effective magnetization, the proper rotational
invariance group of the corresponding Hamilton
should be used. This is one of the rare cases when
antiunitary operators are practically important. Of
course, the same type of procedure as in eqn l87l can
be applied when only two-dimensional translational
symmetry is applied.

Reduction of Angular Momentum Coupling: The
Point Group Symmetry of Single-Particle Densities

Let p(r) be the (shape-truncated) charge density in
the cell 1/'(,E ) (which may denote the corresponding
'Weigner-Seitz 

cell or any other type of primitive cell)
centered at a particular origin R6 of given lattice or
of any particular site in an arbitrary ensemble of
scafierers.

p(r) : p (r)o(r) : I O'{r)vL{t)
L

18 8l

where o(r) is the so-called shape function given by

rew(. t - ) \
rgw(t-) J

l8el

which usually is expanded into spherical harmonics as

o(r) : \o;(r)Y;(i)

a l

:t t o6Q)Y6(t) leol
l-0 m:-l

where the expansion coefficients are determined by

o1(r): 
J*,u,ato7)vilt) lell

It should be noted that the p;(r) are the coefficients of
the shape-truncated charge density, that is,

pr(r) : D CL',rpr,(r)o1,,(r)
L,,Lil

Table of nonvanishing azimuthal quantum numberTable 1
IETMS

PIane Two-dim ensi onal lattice

( 1 0 0 )
( 1  1 0 )
( 1 1 1 )

4
2
3

Quadratic lattice
Rectangular lattice
Hexagonal lattice

" ( r )  
:  

{ ; ;

: 
I aavrtn)Yi,(o)Yr,(o)

ln l
t ' - l

[e3]

Since p(r) is a real function, in eqn [88] one needs to
evaluate only terms Ft,--(r) for m)0 and then make
use of the relation

h,_*(r) : (-1)* p,*(r). [94]

Furthermore, Ior a system with inversion symmetry
with respect to R6,

pm(r) :0,  V/ :  odd Ie5]

If the e-axis of the coordinate system is an n-foId
rotational symmeffy axis, the selection rule

m  -  . . . , - n , 0 , n r . . .  [ 9 6 ]

applies, which in turn implies for example, that for
simple cubic systems, there are only very few nonvani-
shing terms, namely those shown in Table 1.

Reviewing eqn [93], it is obvious that even very
simple group theory can help substantially in red-
ucing the number of terms to be evaluated. This kind
of application is a very transparent example of red-
ucing angular momentum coupling constants and
is desperately needed whenever the so-called full-
potential approaches are applied.

Much more advanced procedures are used when-
ever spectroscopic intensities are to be calculated,
since then 3j-, 6j- or even higher coupling constants
occur, depending, of course, on the type of excitation
to be investigated.

See also: Group Theory.

PACS: 02.20; 03.65; 61.50
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Nomenclature
gV-* ) Bril louin zone
Lg(7-* ,g) irreducible subwedge of A(f *)

Ci..1, Gaunt coefficient
Dk(Elt):g ik'r 9(y)-unirreps
Dk E)Is (E) space group unirrep
DG'E)Ig matrix element of space group element
(Rlwa + t) of space group unirrep
E : shorthand and extended space group
{{,Qlo,uts) symbol

little group
periodic one-particle Hamiltonian

little co-group

point group of 9-(9)

primitive cell of {(9)
'l7igner-Seitz 

symbol for space group
element
vector basis of Bravais vector lattice

reciprocal vector lattice
Bravais vector lattice
set of fractional translations

'Wigner-Seitz 
cell of {(9)

integral 3 x 3-matrix with determinant 1

Bloch function

Bloch eigenfunction of periodic Hamil-
tonian
7-symmetrized eigenfunctions of peri-
odic Hamiltonian
plane wave basis of Hilbert space
L2@V))

'Wannier functions

e(k )cE
H
s(k)-s
(k)l{=e
q({)

s(.q)
(Rl-n + r)

t  :  \ t 1 , t 2 , f u )
a *

,7

e-(s)
l a 7 :

{ tuplRe9}
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Z(z) e SL(3,2)
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