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1 Schematical view of transport
theories

In the following some of the present methods[1] of describ-
Ing el ectric transport in solid matter are shortly characterized.
The main emphasis of this chapter will be put on the Kubo-
Greenwood approach.

1.1 Linearized Boltzmann equation

Assuming for matters of simplicity a cubic system (statisti-
cally disordered) then the conductivity tensor is given within
the linearized Boltzmann equation as
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where

T up-element of the conductivity tensor
Py u-element of the resistivity tensor
vi(kr) p-like element of the Fermi velocity
5(kr) relaxation time

[(kr)  mean free path

dSy,  element of the Fermi surface






Advantage: Easy implementation within traditional band-
structure methods, since in the classical interpretation the
velocity is given by the energyband dispersion.
Disadvantage: “semi-classical theory”, bulk-only, exis
tence of a Fermi surface supposed, 77 (kr) parameters.

1.2 Landauer-Buttiker approach

{1, 4o Chemical potentials of reservoirs

p,q termina end-points

T averaged probability for an eectron injected
at one end-point and transmitted at another

Advantage: Easy classical interpretation for perpendicu-
lar transport

Disadvantage: summation over al end-points (also con-
tacts)






1.3 TheKubo equation

Let H, be the unperturbed Hamiltonian and W (¢) a time-
dependent perturbation. The mean-value of any arbitrary ob-
servable can then be described in terms of the equation of
motion for the probability operator p ()

ihp (t) = [Ho+ W (t),p(t)] . (D
In the interaction picture,

d

ihaplw (t) — |:WIW7 pIW] ) (2)

the last equation can be written as a integral equation. Re-
stricting the evaluation to linear termsin W, one gets
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where p, isthe equilibrium density operator of the canonical
ensemble;

L _
Py = € ﬁHOa (4)

and
Z=Tr(e™) | B=1/kT





The average of an operator can now be expressed as

(A) (€)= Tr (As, (1), o, (1) ©
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where (A ), isan average in equilibrium. Assuming that the
external perturbation is of the form

W(t) = -BF(t) ,

where B is atime-independent operator, one gets
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Xag (t,t") being a so-called generalized susceptibility

(

XAB (tv t/> — A <[A'IW (t) 7BIW (t/)]> © (t — t/> ) (8)
which in turn can be reformulated as

8
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Specifying the perturbation as
and treating the electric field as a periodic quantity,
E, (t) =Eg e (@t 5 0 (10)

one can show that in the indicated case of 6 — 0 (perturba-
tion vanishes at t = —o0) one gets the Kubo formulafor the
electric conductivity

00 B=1/kT
0 (0, T) = % /O dte—t /O AN (Y (—ihA) T ((z;)1>)

J (t) — eiHot/hje—iHot/h : (12)

where V' isthe characteristic volume (unit volume) and J ()
IS the electric current operator.





1.4 The Kubo- and Kubo-Greenwood
equation

We will now assume that (1) we can use an effective one-
electron picture, (2) the Born-Oppenheimer approximation,
and (3) we can form properly the limit of w — 0, then the
Kubo equation reducesat 7' = 0 to

mh [ 0
Oy = 12 N de (—a—{>
(ITr(6(e—H)J'6 (e —H)J")1p (13)

where f isthe Fermi-Dirac distribution function and () de-
notes a thermodynamical average, which at 7' = 0 can be
replaced by an averaged over all configurations of an alloy.
Rewritting finally the Dirac o-functions as

§(e—H) = —%ImG“L(e)
= (G" (-G (9)
= > ) (nls(e—e) . (14

the diagonal components of the conductivity tensor
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are given by
ki
Oy = W<T7“ (J*Im G™ (ep) J* Im G™ (ef)) ), (16)
€ {z,y,2} (17)

wherethe J#  arethe matrix elements of the current operator
inthebasis {|n)} .

The off-diagonal components require a more compli-
cated integration path in the complex plane, see[8]





2 Applicationsof the
Kubo-Greenwood approach to
layered systems

2.1 General expressions

Suppose the electrical conductivity of a disordered system,
namely o, is calculated using the Kubo-Greenwood for-
mula

poqv e NS(em —
O = NO ) <Z‘]mn‘]nm CF €m> (GF €n>>

(18)

Inthisequation i, v € {z,y, 2}, Ny isthe number of atoms,
JV 1s a representation of the v-th component of the current
operator,

S =ty 5 T =0 L m)y o (19)

| m) isan eigenstate of a particular configuration of the ran-
dom system, €2,; is the atomic volume, and (- - -) denotes an
average over configurations. Eg. (18) can be reformulated
In terms of the imaginary part of the (one-particle) Green's
function





h
Oy = WNOQatTT (S, ImG (), ImGT(er)) . (20)
or by using ”up-" and " down-" side limits, this equation can
be rewritten as

1 ~
O = 7 {JMV(€+, € )+ o,(e,€e) (21)

— o€, e7) —oule, e+)} :

where
et =ep+id , € =ep—i16 ; 6—0 |
and
e es) = ———tr (J,G(e) L)) : (22
Ouv\€1,€2) — WNOQat pr(€1)Jy €2 3
€ = € o1 =1,2
Scattering theory:
G(z) = 7(2)

where 7(z) is the so-called scattering path operator.





2.2 Conductivity for layered systems

Asinthe bulk case atypica contribution to the conductivity

can be expressed in terms of real space scattering path oper-
ators,

5MV(€17 62) (23)

n

= (C/N) Y 11 2o Z

p:l el L2 =
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where C' = — (4m? /W3 (,;) and Ny = nN isthetotal num-
ber of sites in the intermediate region (multilayer), as given
In terms of the number of layersin the multilayer (n) and the

order of the two-dimensional trandlational group /N (number
of atomsin one layer).





2.3 Current matrices

Let Jff(el, €-) denote the angular momentum representation
of the u—th component of the current operator according to
component « = A, B in a particular layer p. Using a non-
relativistic formulation for the current operator, namely J =
(eh/im) V, the elements of .J (€1, €2) are given by

Q (& h o a
Jﬁ,AA'(elv@) — EE / Zﬁ (rp0761>Ta—

pa 3
ZA’ (I'p(), €2>d T'p0
Tp0, p

WS

(24)

while within arelativistic formulation for the current opera-
tor, namely J = eca, one gets

JZZ’O/(\A/(Q, 62) — €C / Zﬁa(rp(), €1>T(XMZ/I{?(rpQ, €2>d37“p0
WS
(25)

In Egs. (24), (25) the functions Z1“ (r,, z) arethe usual scat-
tering solutions.





2.4 Two-dimensional trandational symmetry

Assuming two-dimensional invariance applies in all layers
under consideration, atypical contribution &, (€1, €2) to the
conductivity istherefore given by

guu(ely 62) (26)

= (€Y ).

>t (JPer, )T () T e, )T )
]EI L2

where p0 specifiesthe origin of L, for the p-th layer.





2.5 \ertex correctionsfor the average of the
product of two single-particle GF’s

<J50(€2, el)TpO’Qj(el)Jgj(el, GQ)TQj’pO(62)>

= (J(e2, )79 (e1)) (1 — Q) (¥ (€1, €2)77%(e2))

Omitting vertex corrections (€2 = 0), one gets
<J£O(€2, e ) TP (€)Y (e, GQ)qu’pO(€2)>

= JﬁO(GQ, e1) (779 (1)) J¥ (€1, €2) (T77(e2))
Note that

<J50(€27 61)> — Jﬁo(Gza €1>

(two-dimensional invariance).





2.6 Coherent Potential Approximation

From the inhomogeneous CFA condition (single site approxi-
mation, no fluctuationterms!) for abinary disordered layered
system (constituents A and B),

) = 3 G @

a=A,B

(T(2)) e = TH(2) = DRP(T(2)

where the so-called impurity matrix is then given by

Dif(z) = Do) = [L=ml ()77 ()], (28)

mg(2) =t8(z) " —ta(2), a=ADB |

and ¢ (z) isthe single-site t—-matrix for constituent « in layer
p, follows.

(F7(2))pa = (T77(2)) 0 (29)

— <7-pi,pi(z>>pi’a , Viel(Lsy)





Similarly, by specifying the occupation on two different sites
the following restricted averages are obtained,

p#4q Vi,jel(ls) (30)

(79(2)) oy = DTV DHG)

p=gq: V(i#j)el(ly) : (31

P

(7)) i = DT (DY)

(87

where (724 (Z)>pioz ;3 Nasthe meaning that site (subcell) pi
IS occupied by spec’i&s « and site (subcell) g5 by species (3
and the symbol ¢ indicates a transposed matrix.





2.7 Total conductivity for layered systems

Using the 2 = 0 approximation and the (inhomogeneous)
Coherent Potential Approximation, atypical contribution

guu(ela 62)
to the conductivity isthen given by

0 (€1, €2) = (C/m) X
z{ > atr [Ti(en )7 e) i e )7 (e)
=1 | a=A,B

— X et [Trten e 7 (e) 2 e )7 (e)
o,0=A,B

SBZ Z > Cgch

q=1 a,0=A,B

X tr/ [Ea(%ﬂ)?gq(ka €1><73ﬁ(€17€2)?gp(k7 62)d2k]
(32)

where





~

J0(e2,€1) = DP(e)' T2 (€2, 1) DP(er)  (39)
As one can see one such conductivity contribution contains
layer-diagonal and layer-off-diagonal terms, whereby the com-

putationally expensive part is hidden in the integration over
the surface Brillouin zone.
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1 The Kubo-Greenwood
equation

Within the Kubo-Greenwood formulation the (diagonal) el-
ements of the electric conductivity tensor are given by

h
- = Tr (J*ImG*(ep) J* ImG™ 1
o N r (J'ImG"(ep) J" ImG (ep)) (1)
poe (2,y,2) (2

where N, isthe total number of atoms, €2,; the atomic vol-
ume, J* the current operator and G (er) the one-particle
resolvent.

Using multiple sacttering for systems with only two-
dimensional trandational symmetry (semi-infinite systems)

ot* can be written in terms of “two-point” condictivities
o HH

on) =Y ot(n) ©

i,j=1
with 2 and ;5 denoting planesof atomsand n thetotal number
of planes.





2 System characterization

boundary meta spacer metal  boundary
conditions layers layers layers conditions
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M ={M,;|i € N} Orientations of the magnetization

J ={ji|i € Nt}  directionsof the current

3 Mapping

In the following for CPP the (two-point-) conductivity ten-
sor o(z, Z'), where z and 2z’ are contineous variables along
the growth (z-) direction, is mapped onto the conductivity
tensor for a layered system, o7 (n) = oij(n),i,j = 1,n,
such that the algebraic structure as defined below is con-
served.





= 6(z — &)
g r=[[p(z,2)dzdz
L n
/g r(n) = '2:31 pij(n)
Tij (n) f .I O'((Z, Z//)) — O'Z'j(’n)
Ek: pir(n)ori(n) = b i/.f;;,(;) — 77:(71)

Clearly enough the sheet resistance then servesas mea-
surefor the mapping, since according to the Cauchy conver-
gence criterion theintegral in here can bereplaced by asum
If and only if,

r— lim r(n)| <A ,neN" |, (4)
Or n—=a0
Ir(n+m) —r(n)| < A; n,meN" | (5

where A is an infinitesma small number.





4 Current conservation

In alayered system the current (in the direction of the sur-
face normal, CPP) with respect to a particular layer 7 Is

given by
= Z cij(n)Ej(n) (6)

Zij U]k — 62k ’ (7)

where the E;(n ) are the layer-resolved z—components of
theelectricfields. Using thisequation inthefollowing man-

ner
pkz( pk@ Z JZ] ’ (8)
Z pkz ]z Z Z pk:z Uzy ( ) Ek(n)
=55,
(9)
one gets

Z pri(n)gi(n Z Ei(n . (10)





Under steady-state conditions (current conservation), i.e.,
Ji(n) = jo, Vi, n, then

> ()| =jor(n) = Eo(n) (1)

k=1

Jo

n

r(n) = Z pi;(1) ; (12)
ij=1
which again leads to the Cauchy relations

where

< A (13)
Y+ |lrin+m)—rn)| <A
n,m € NT

|Eo(n +m) — Ey(n)|





5 Layer-resolved sheet
resistances and complex

energies
L ayer-resolved sheet resistances r;(n) can be defined
= zn: pii(n) (14)
such that jj
r(n) =Y rin) . (15)

1=1
Suppose C denotes a particular magnetic configuration ( a
set of classical unit vectors characterizing the orientations
of the magnetization in each layer of the system) and ¢ is

theimaginary part of the complex Fermi energy € »+16 then

r(C; n)-%gg)rCn& —%Er(l)wzlprn5 , (16)

where

> pinlCin;8)ok(Cim; 6) = 65 (17)
k=1





6 Puremetalsor leads:
6.1 Layer-dependence:

For alarge enough n (n > ny) and agiven imaginary part
6 of the complex Fermi energy er + ¢0,the corresponding
sheet resistance r(C; n; 6) varieslinearly with n,

kl(c;(s):r(C;n+m;5)—r(C;n;6) C menNt

m
(18)

I.e., the following relation applies
r(C;n;6) = 1o(C; 6) + nki(C;0) (19)
with ¢(C; 6) being the value for the linear behavior defined

by egn. (18) at n = 0.

6.2 Dependenceon theimaginary part of
the Fermi energy

r(C;n, ) aso varieslinearly in 6:

o(Com) — lr(C;n; 62) — r(C;n; 61) NP

n A (20)






r(C;n;6) =ro(C;n) + ndks(C;n) (21)

whereaswill become clear inamoment the constant k-(C; n)
is chosen to be normalized per layer and k»(C; n) follows
the below behavior,

%iH(l) ko(C;m) =0 . (22)

6.3 Combined dependence
Combining now egn (19) with egn. (21),

ro(C; 6) + nk1(C;6) = ro(C;n) + ndks(C;n) ,  (23)

one gets
ro(C;6) =ro(C;n) + nd(6) (24)
where
D(6) = 6ko(C;m) — K1(C; 6) . (25)
Demanding that
ro(Cin) = limry(C;6) (26)
requires that
lim ®(6) =0 (27)

6—0





which in in turn implies that

limg o k1(C;6) =0 (28)

since 6k»(C; n) trivialy vanishesfor 6 — 0.

6.4 Resistivity and boundary condition at
N— o

From egns. (18) and (26) follows that for n > n

%irr(l)r(c;n—l—m; §) =19(C;n) =1o(C);m € NT | (29

which, however, isnothing but the Cauchy convergence cri-
terion for the sheet resistance demanded in egn. (5):

%irr(l) [r(C;n+m;6) —r(C;n;6)] =0
Quite clearly since ¢ (C) is aconstant for a pure metal this
leads to a correct bulk resistivity p?“*(C),

ZZ

UE(C) = Tim [TO(C)] _ L@ lim £ =0

?

L d n—00 7,

where d isthe interplanar distance.





/ Heterojunctions:
AL XLl

For n > ng the sheet resistance r(C; 2n + s; 6) for agiven
value of 6 varies linear with respect to n,

r(C;:2(n+m)+s;6) —r(C;2n + s;0
k(C;6) = (G2 ) Qm? ( )(30)

m > 0& N (31)

l.e.,

r(C;2(n+m)+ s;6) =r(C;2n > +s;6) — 2mky(C; 6)
(32)
The relevant part of the heterojunction is therefore defined
by the condition that for n > n the sheet resistance starts
to grow linear in n, i.e.,

r(C;2ng + s) = %iH(l) r(C;2ng + s;6) (33)

With L = (2ng + s) ag/2 one gets the corresponding resis-
tivity
2

p(C;2ng+ s) = no+ 5) ag %1_21% r(C;2ng + s;6)(34)






2
— ot 3 aor(C; 2ng + )

The magnetoresistance is then given as

r(AP;2ng+ s) — r(P;2ny + s)

2 = 35
R(2no +5) r(AP;2ng + s) (35)
or approximatively by
. . . -9 .
R(2mo + 5.6) — r(AP;2ng + s;0) — r(P;2ne + s; )

r(AP; 2ng + s;0)
(36)

It should be noted that since R(6) < R this quantity can be
used for qualitative discussions of the magnetoresistance.





8 Definitions;

. In-plane resistivity

£y perpendicular resistivity

L length

Lp.., sheet resistance

L?p,, resistance






