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1 Schematical view of transport
theories
In the following some of the present methods [1] of describ-
ing electric transport in solid matter are shortly characterized.
The main emphasis of this chapter will be put on the Kubo-
Greenwood approach.


1.1 Linearized Boltzmann equation
Assuming for matters of simplicity a cubic system (statisti-
cally disordered) then the conductivity tensor is given within
the linearized Boltzmann equation as
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where


-element of the conductivity tensor
-element of the resistivity tensor


� � -like element of the Fermi velocity
�� � relaxation time


� mean free path
element of the Fermi surface







Advantage: Easy implementation within traditional band-
structure methods, since in the classical interpretation the
velocity is given by the energyband dispersion.
Disadvantage: ‘‘semi-classical theory’’, bulk-only, exis-
tence of a Fermi surface supposed, �� � parameters.


1.2 Landauer-Büttiker approach
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chemical potentials of reservoirs
terminal end-points
averaged probability for an electron injected
at one end-point and transmitted at another


Advantage: Easy classical interpretation for perpendicu-
lar transport
Disadvantage: summation over all end-points (also con-
tacts)







1.3 The Kubo equation
Let be the unperturbed Hamiltonian and � a time-
dependent perturbation. The mean-value of any arbitrary ob-
servable can then be described in terms of the equation of
motion for the probability operator � �


� � � � � � � (1)


In the interaction picture,
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the last equation can be written as a integral equation. Re-
stricting the evaluation to linear terms in one gets
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where � is the equilibrium density operator of the canonical
ensemble:
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�
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The average of an operator can now be expressed as


� �
�
� � � �


�
(5)


� �
�


�


� � � (6)


where � is an average in equilibrium. Assuming that the
external perturbation is of the form


� �� �


where � is a time-independent operator, one gets
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��� � being a so-called generalized susceptibility
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which in turn can be reformulated as
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Specifying the perturbation as


� � � �


and treating the electric field as a periodic quantity,


� �� � � (10)


one can show that in the indicated case of (perturba-
tion vanishes at � ) one gets the Kubo formula for the
electric conductivity


� �� �� � �


(11)


� � �� (12)


where is the characteristic volume (unit volume) and �
is the electric current operator.







1.4 The Kubo- and Kubo-Greenwood
equation
We will now assume that (1) we can use an effective one-
electron picture, (2) the Born-Oppenheimer approximation,
and (3) we can form properly the limit of , then the
Kubo equation reduces at to
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� � � � � TD (13)


where is the Fermi-Dirac distribution function and TD de-
notes a thermodynamical average, which at can be
replaced by an averaged over all configurations of an alloy.
Rewritting finally the Dirac -functions as
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the diagonal components of the conductivity tensor
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conf.
(15)


are given by


	 �
F� F�
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conf.


(16)


(17)


where the are the matrix elements of the current operator
in the basis �


The off-diagonal components require a more compli-
cated integration path in the complex plane, see [8]







2 Applications of the
Kubo-Greenwood approach to
layered systems
2.1 General expressions
Suppose the electrical conductivity of a disordered system,
namely , is calculated using the Kubo-Greenwood for-
mula:
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(18)


In this equation , � is the number of atoms,
is a representation of the -th component of the current


operator,


(19)


is an eigenstate of a particular configuration of the ran-
dom system, is the atomic volume, and � � � denotes an
average over configurations. Eq. (18) can be reformulated
in terms of the imaginary part of the (one-particle) Green’s
function
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or by using ’’up-’’ and ’’down-’’ side limits, this equation can
be rewritten as
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where
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and
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Scattering theory:
� � �


where � � is the so-called scattering path operator.







2.2 Conductivity for layered systems
As in the bulk case a typical contribution to the conductivity
can be expressed in terms of real space scattering path oper-
ators,
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where 	 � � � and � � is the total num-
ber of sites in the intermediate region (multilayer), as given
in terms of the number of layers in the multilayer ( ) and the
order of the two-dimensional translational group � (number
of atoms in one layer).







2.3 Current matrices
Let


�


� denote the angular momentum representation
of the �th component of the current operator according to
component � � in a particular layer . Using a non-
relativistic formulation for the current operator, namely


� � , the elements of
�


� are given by
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(24)


while within a relativistic formulation for the current opera-
tor, namely �, one gets


� � � � �


(25)


In Eqs. (24), (25) the functions � are the usual scat-
tering solutions.







2.4 Two-dimensional translational symmetry
Assuming two-dimensional invariance applies in all layers
under consideration, a typical contribution � to the
conductivity is therefore given by


� (26)
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where specifies the origin of for the -th layer.







2.5 Vertex corrections for the average of the
product of two single-particle GF’s
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Omitting vertex corrections �, one gets
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Note that
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(two-dimensional invariance).







2.6 Coherent Potential Approximation
From the inhomogeneous CPA condition (single site approxi-
mation, no fluctuation terms!) for a binary disordered layered
system (constituents � and �),
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where the so-called impurity matrix is then given by
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and � is the single–site t–matrix for constituent in layer
follows �
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Similarly, by specifying the occupation on two different sites
the following restricted averages are obtained,
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has the meaning that site (subcell) �


is occupied by species and site (subcell) 
 by species
and the symbol indicates a transposed matrix.







2.7 Total conductivity for layered systems
Using the approximation and the (inhomogeneous)
Coherent Potential Approximation, a typical contribution
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to the conductivity is then given by
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(32)


where







� � � � (33)


As one can see one such conductivity contribution contains
layer-diagonal and layer-off-diagonal terms, whereby the com-
putationally expensive part is hidden in the integration over
the surface Brillouin zone.
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1 The Kubo-Greenwood
equation


Within the Kubo-Greenwood formulation the (diagonal) el-
ements of the electric conductivity tensor are given by


�


�
� �


�
(1)


� (2)


where � is the total number of atoms, the atomic vol-
ume, the current operator and � the one-particle
resolvent.


Using multiple sacttering for systems with only two-
dimensional translational symmetry (semi-infinite systems)


can be written in terms of ‘‘two-point’’ condictivities
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with � and � denoting planes of atoms and the total number
of planes.







2 System characterization


boundary
conditions


metal
layers


spacer
layers


metal
layers


boundary
conditions


� � �


� � �


� � �


� � �


� � Orientations of the magnetization


�� � directions of the current


3 Mapping


In the following for CPP the (two-point-) conductivity ten-
sor �, where and are contineous variables along
the growth ( -) direction, is mapped onto the conductivity
tensor for a layered system, �� � � �� � � �
such that the algebraic structure as defined below is con-
served:
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Clearly enough the sheet resistance then serves as mea-
sure for the mapping, since according to the Cauchy conver-
gence criterion the integral in here can be replaced by a sum
if and only if,


��� � � �
��� � (4)


or
�� � � (5)


where is an infinitesimal small number.







4 Current conservation


In a layered system the current (in the direction of the sur-
face normal, CPP) with respect to a particular layer � is
given by
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where the � � are the layer-resolved �components of
the electric fields. Using this equation in the following man-
ner


� ��� � � �
�


�� � � (8)


�


� ��� �
� �


� � �� � � � �


(9)
one gets


�


� ��� � � � � � (10)







Under steady-state conditions (current conservation), i.e.,
�� � � � then
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where
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which again leads to the Cauchy relations
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5 Layer-resolved sheet
resistances and complex
energies
Layer-resolved sheet resistances � � can be defined
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such that
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Suppose denotes a particular magnetic configuration ( a
set of classical unit vectors characterizing the orientations
of the magnetization in each layer of the system) and is
the imaginary part of the complex Fermi energy � then
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where
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6 Pure metals or leads:
6.1 Layer-dependence:
For a large enough � � and a given imaginary part


of the complex Fermi energy � the corresponding
sheet resistance � varies linearly with ,


�
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(18)
i.e., the following relation applies


� � � (19)


with � being the value for the linear behavior defined
by eqn. (18) at �


6.2 Dependence on the imaginary part of
the Fermi energy


� also varies linearly in :
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i.e.,


� � � (21)


where as will become clear in a moment the constant �
is chosen to be normalized per layer and � follows
the below behavior,


� � � (22)


6.3 Combined dependence
Combining now eqn (19) with eqn. (21),
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one gets
� � � (24)


where
� �� � � (25)


Demanding that
� � � (26)


requires that
� � (27)







which in in turn implies that


� � (28)


since � trivially vanishes for �


6.4 Resistivity and boundary condition at
n
From eqns. (18) and (26) follows that for �


� � � � � (29)


which, however, is nothing but the Cauchy convergence cri-
terion for the sheet resistance demanded in eqn. (5):
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Quite clearly since � is a constant for a pure metal this
leads to a correct bulk resistivity � �
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where is the interplanar distance.







7 Heterojunctions:
.../L X L /...
For � the sheet resistance � for a given
value of varies linear with respect to ,
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(30)
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i.e.,


� � � �� �
(32)


The relevant part of the heterojunction is therefore defined
by the condition that for � the sheet resistance starts
to grow linear in , i.e.,
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With � one gets the corresponding resis-
tivity
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The magnetoresistance is then given as


�
�� �


�
(35)


or approximatively by
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It should be noted that since � � this quantity can be
used for qualitative discussions of the magnetoresistance.







8 Definitions:


in-plane � ���


perpendicular � ���


length


� �


�





