‘- —»1,"48‘@;.f;fa’ﬁiil%i?lsé-f

By

(Gommummtcd b) ]{.- }I.;_;‘}?‘ofwler',ﬁb v '- Roccwcd Januan y ‘.’, 19

'lhe nc“ quantum mcchamcs, \vhcn apphcd to thc prob]em 0f the structure

with Mpcnmmt The dl@cropancm@ consist of B duploxnty phenoTcnu the

: obscrvcd numbcr of statlonarv states for an electron in an atom be ng tmc -
l;hlcn- "

“the’ numbor given hy the theory. . To méet the dlﬂlCUlt) Goudsmlt atj
-beck have mtroduccd the idea of An clcctmn
“of half a quantum and a maganotlc moment of one Bohr magneton. This nodel
8 fOif 't'ﬁe“"el' wtron has been fitted into the new me hamcs by’ Pmlll * qnd
_.‘ “orkang “mh an cqmvalcnt theory, has sho“ n that it gwes results ina

urecment'

vlth expcnment f_or hydrogcﬁ Jike spectra to tlwo first ordcr of accurac / .f;'

The question remains as to ‘why' Nature should havg: (hoscn thla harti
f',modcl for the clcctron mstcad of being. s.xusﬁ
,_'4iwoufd Tike to. find somc mcompletcness in the prcvxous mcthods of apl»lylr\g" o

; ,quantum mochamcs to the poiut-ch rgc clccﬁron such’ that, \shen wemoved :

CIn the prcsent paper it is shown that thls is the. case, the mcomp!ktenc% 0
- the prcvnous theories lyirig in their dlsaorccmcht with relatlvlt) or,

.'~>4‘»t1vcly, with the gcncral tlansformahon thooky of quantum mech}t
appears that the: simplest ][amlltoman fora &)omt chmge electron Aatlsfymg :

o the rcqunrements of both relativity and ‘the’ gencral tramformatlon;__thc_,or‘y-l

nics. T

: f the atom wnth pomt chqrgc e!ectrons docl not give results.in agrrcemcnt e

iith a s me angular n mcntumf o

Darwing

“the whole of the duple\nty phonomcna ow- wnthout arbitrary asst mptlom E

ltcmate L

- leads toan explanatlon of all duplcxnty phcnomcm w lthout further - asqumption] - 3

least as a first approxnmatxon, 'lhe most nnpmtfmt failure of the model scemy.

ooto bc ‘that the magnitude of the resultant orbital. angular momentyim _of an -

. olectron moving in an. orblt ina central ﬁcld of foroc is not a constant;_,ﬁsfth@ o

L modcl lcads one. to owpcct 7 T '-‘ b
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' All the same there is a great dcal of tluth in thc spmnmg clcctron model, af -
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Cw hcrc p is thc momcntum vec It has ‘cen suggestcd by Go
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are to: bc mtcrprctcd as thc chargc aud curront assomatod wnth lhc"'t‘rii"n‘sﬁ
- m=>n. - This appears to be sdmfactory so far as emission and rbsorptio
adlauon are concomed bug i is ‘not so gencral as thc mtcrprcmtl'  of the
: rclntmt) qum\tum mochamcs whlch has-been dovclopodx sufficie nI) to en
‘one to answ cr thc,qur‘stlon v \\’hat is the probabnhty of .my dy nanlcal var
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wluch is thc samc as one \\ould gct |£ onc put for e 'lhc wave oquatibi)_‘ _,
(l) thm rcfers cqmll) well to an clcrtron with 'chdrgc ¢ as to one with chargc '
" BIE ono comulerq for definitencss thehmltm? casé of large quantum nuihbérs’i -
‘olie \\'ould find that some of thc soluhons of the y ave equatlon are wave packots" _
_’movmg.,m the w ay a p'ntn(lo of c}nrge e would move on the classxca thcorv,v L
\\hllc 'others areé \\aw pad\cts movmg in‘the \VJ\) a ]mmclc of charge e would |

move classncally “For this second class of solutions' W has a ncgatne valuc.f

those solutnom that have a negative W, Onc éannot do this on the uantum" -
:':thcory, since in goneral a pcxturbmon will cadso transxtmm from st tcs \nth."‘

vfmentally as the olcctron suddenly . chanamg its charge- from —e¢|toe a
j:'phenomcnon which has not been observed. ¥) he trie: rclatwlty wave
“should thus be such that its solumom spht up m&o t“o noh- combm

refemng fespectively to the chargo — ¢ and the chargo ¢.

J' quation

ng sets, o

‘these two dnﬂicultms The rcsultmv thcory is therefore still only. un}apprq‘xvi"'-‘,

rhatlon but it. appoars to ba ~good. ¢nough to account for all the dupquity,
.;pbcnomcna mthout arbltraty '\ssumptlo,ns ' o Yo : e

.v‘Onc gets over. the difficulty on the ch%sxcal theory by - nlntmnly cludmg -

W pos:twe to states with W ncgatlve, ~Sucha transmon \xould appca cxpcn- o

In the present papbr we shall be concerncd onl_) with the removal of thé' fir}s‘t _' e
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"»_.fand Py ()ur w ave equatlon is’ thereforc of the form- .

o (Po + “11’1 "i' “27’2 ** 0‘3"3 + 5) Y=
'~.,‘.whcre for the prcscnt all that' i3 known 3 bout the dynamnca.l 1
- operators a,. g, 2, b IS that they are mdepcx dent of py; Py Pa Py t.

3 .commute ‘with ¢, :l‘l, z;, 74 Since we. are. consxdermg the case ¢
movmg in _empty space, 80 th&t all pomts in space are cqmvalem
“.expect the Hamiltonian not to mvolvc l Xy, Ty 13._ This means
- 4y, B are mdependent of t, y, Ty, 3 T ¢., that they commute with
Py \\e are therefore obhgod to haye oth"r dynalmcal varmblcs
~ co- ordinates and momcnta of the clcctron,\n order that o}, oy &,
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'Ihe w*we oqmtlon (4) now taLes the form S

fpo P,lcr p) +

’ ’“horo cr dcnoto. thc mctor (al, 62, );
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Thus we can put an ogously

13

." 9261 R

W hore thc p s and ¢’’s are. easxly venﬁcd to satlsf) thc rclatxons corr(
‘to (7) (7 )and(‘&) if o2 *and o1 aredeﬁncd by pal = — 11'Y2 73 ) p‘

W o"‘hall now: show that by i canomcal tmmfoxmatlon the p " n "'; 2

ma\' bc brought mfo the. form of the'p’s and 6's From the cquatlon 93 =1
it fo]lo“s that the only possnblc charactcmtl values for py are 4 1. If on;éyv
]’apphcs to, 93 a canomcal transformatlon thh thc transformatlon funchon pl T
'therceu]tmf . : EREEREE
BRI 91 N (p,) 1 = 9391 (0 )= gy

an Q

*

V Qmec charaetenstxc values are rot changcd by ‘a)"canohic/al 'tramfdriﬁa_tf(qr o
Y must have thc same charactermtm values as —py". . Hence the cbn_lgaéte'rﬂi =
= valuci of gy’ arc + 1 twice and — 1w we T he same arbumcnt app} ic3 to ‘Gacﬂ ;
'fl_,oftheotherp 8, andtocachofthco G R
. .Since gy’ and o’ commute, thcy can be brought siniultahébuély toil édiagov'n' l'_'
form by a canomcal transformatlom :’ They will then have for their diagon
: 'fclcmcnts each 41 twice: and —1 twice.  Thus, by su'tably rearrpnging the
_rows and coluinns, they can bc ‘brought into the form pg and ¢ oy respcct»w_cl'." R
o (Thic possibility ‘pg == j~ a5 is excluded by the “existence of ma rices thyt
S mmmutc with one but not with theother.) *° . - T
| Any matnx cont/ammg four rows and columns can be cxpresscd 8§

x

| C + Lﬁr”r' + L,C, 91 + L,f”o,ﬂ, (1 }) N

| "’.f;whcrc thc snxtecn cocﬂlcncnts e o c,, ¢,, ate c- numbcm " By expressing d
in this “ay, we. 5ee, from thc fact that it commutes wnth 93 ':—_ P ali_d a'nt
'-'commutcs* with 03 = 03,, that it must be of the form " o T

—
N~

L= "161 *fiz"z‘*‘ 03193'51 + 03293’52’ ,5 :

. Wc my that a anucommutcs \uth b whcn ab .-_‘:-« ba.'_ g




tho (:qnom(n] tramformatxon ﬁrbt fow to l v )
. '_“?TOW to be multlphed by (043103,)* and ﬁrs and thnrd cohimns 6t
by thesa me e;.pressxons, al wﬂl he brought mto tho form of cl, and
. :;’.matrlcvs g and py mll not’ bc changed.. | RN
: 'A If we now express pl in the form (13) and use the condnhons thab it commit
' i\nth oy’ = o, and "3'263 and ant,xcomm ites’ with g‘., =fy we soo that it .

must be of the form SRS N
o ,Pi- == cn or + o2 P

‘ _f"‘;_ThG (‘omhtxon o, w', 5hO“b that cl 2 + cZ 2 == 1_,' or cl’ :: ¢qg ‘0, [ L
y "Henco o, is of tho form : T RV

1
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':If We' now apply thc canonica} transformafion " first and 'éccon:l rows tdbo
”.multlphcd by ¢? and. first and sccond columns 16 bc dmdcd by the s(fllije
: exprcsexon ) wlll be brought into.the form 18 and 61, 03, py Wil not be alte red
fd and 6y must now be of the form p2 qnd 62, on’ account of the relat 'Qii'sf.

.,_

ipy = pile)s 10y = 301-" BT e TR URTR D SRS S P

~ Thus by ‘& suécession of canomcal transformatnons whlch can bc;"combmed' ”
_vto {orm a single canonical t/ransforlnatlon tyhc o'’ and "8 tan bc btought nto

: v' the form of the p’s and ‘e ¢ s, The new w:wc equal ion (12) can in this :,“"'tiy; be
~ brought back into the form of the’ orlgmal wave cquation (1) or (9),;:"."58“1.}15!;”
“the results. that follow from this, ongmal wave cquatlon must be lﬁdépcmléixt
'of the frame of reference used e S




phenomena On account of the matnces p a d 6 contammg four "ows and,’-ﬂ o

co’lhmns it will ha\e four times as'many solutions as the non: rclatlv
quatlon and twnce as- many as the prevxoul relatmty \vave equd
Since half, tbe .solutxona must be re]cctcd a3 rcfcrrmg to the chargc
electron the correct numbcr \wll be left to ac ount for duplcxut_y phe
e proof nnen in the prcccdmg section of in ariance under a Loren
_jformatxon apphes cqually well to the ore gcncIa] wave cquatxon (14)..

- We: éan ebtam -a rough idea of how (14) dlﬁ‘ s from the prcuom 1
'\mve equatlon (l) by multlplymg lt up analogfously to (o) 'This gn
‘ _ﬂ\me e for e/c
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”v"mutc \uth o . .
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-,,'J akmg B C = p + e A \wc ﬁnd
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B 'addltnonal potenual ¢ nergy of the’ electron ue to its new degrec
' The clcctronwlllthere _rebchave Mthoughlt‘ hasa mag,netlc momcn

e the electric moment has any p
, that we. started from is real, and)

- radlus I ~o that tbc Hamlltoman in ( 14) h{*c, mes

= , ‘,‘_‘- .

' ';,'in F Thmo t“o t 'rms, when dnvxd d by thL factor ‘7m can be reg.

deh/2me @ 'l‘hls magnetic moment

.eqtron model [he clectnc moment b

_“and an elcetric momeny
a&sumed m ‘the: spnmmg

‘imaginary, we should not exp ict to appeat in the modcl Tt is doub
sxcal meaning,. smcc the I[amllto
he imaginary part only appeat
nnkc lt rcqomhln the ]

‘,"’multlphed it upinan artificial way ir
of prcvmus theorics. '

- §h. Fhe Anigular Uomcntum Integra N for 1Iotwnma C ntral

We shall consider in_greater dx,tall the thotion of an- electron”

"ﬁvld of form “We put A = 0 and cAo == \" r), an- arbltrary fun

_ ‘ F= Po +V + p,(m )'F;- ognc

\\ chall dutormme the per 10(]1(: solutions of the
L mcam that Po 1% to be counted as a pqramotv& lmtead of an opcra
fact ]usb l/c tlmes the energy level. - b ‘
~ We shall first find ‘the anguhr momentim mtegmls of the m

orbltal angular. momnntum m is dehm‘d M

L .and satxsﬁes the followmﬂ * \'crtau%chum s? rclatmns'

11“2 - arjm1 ::;:h:rs__' ;
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'Unh m 4 ’h"" (= 1\/ w) is a const.mt of thv motlon We can mt
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