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'I he new quuntum nmthamcﬂ. when apphml to th«'~ pmhlem nf tbe tnu:tu*rﬂ '.

": of the atom wnh point-charge Elm?tmm does not give results in a rtemrnb

with ﬁp{-nmmt ~The dlmrepanmos consist of ““duplexity ” pheno end, thr N

“observed number of stationary states for an electron in an atom be ﬂg tmw
‘the’ munhcr given by the theory.. To meet the difficulty, Goudsmit an

beek have mtmduﬂcd the idea of an electron with & spin ﬂngulﬂr o
" of half a qu:}ntum and a mﬂpmtm moment of one Bohr magneton, T ua model’
- fot the eléttron has been fitted into the new mechanies by Pauli,* and Darwin, T}
ﬂrurk&ng w nth an rqunalcnt theory, has show n that it gwm rnsults ina mmum '
* with experiment for hydrogen-like spectra to the first order of accuracy,
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The Klein-Gordon equation
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What Is the difficulty??

s The geireral interpretation of non-rélativity qmntum mechanies is l]mﬂcrl o
ﬂm transformation Hu}ur}, and i mnﬂﬂ- [H‘)Eﬂllrlr' h}r the ﬂ"m-: -:quatmn lmlng tﬂ
fthu form- : | R s L
' - {H - 'v."-] =2 ll]

T e L = IJ}
e hmng Iumnr in ‘-"r ar Hfﬁf &0 1h"1t the wave function at any time dLerinﬁs

f_thﬂ wave function at any later time. The wave rqmtlﬂn of the relativity
“theory must also be linear iti W if the general interpretation is to be pobsible.




The case of no field
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The sy mnw!n l:u:.-hmc-n gr nm] 1 pE, Ps. required by re'[ntmty iﬁhﬂ“ﬂ ﬂmt'
since the Hamiltonian we want is linear:in pg, it must also be ]m&nr in pl, ’,ﬂg
mld g Our wave qumtmn is i.hercfnn, of the form- . AR

'[Pu T '?‘a;"i 1 otaply rﬂ ==, |
whete for. the preseut all that is known about the dynammal rrmhlesrur

Operators oy, oy, o, (s is that t-th' are independent of Py: Pys Pa Pos 1.6+ that they

commute ‘with ¢, zy, Iy, Ty Since we are considering the case T a parlicle

moving in empty space, 80 that all points in space are nqunaten we shohld
expect the Hamiltonian not to involve &, &y, 4, 5. This means|that iy s
oy [ are 1|1dﬂpnn_dm1t of 1, 2,, Zy 5 i.c., that they commute with Por"Prs Pe
p,. We are therefore obliged to have other dynamical variables besides 1

co-ordinates and momenta of the electron, m order that o;, oy %
functions of them.  The wave function ¢ must then invelve

than merely 7y, x5, 75, 1.
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of our a's, hu canse thcn it would. not he mamhln to find the fmuth We Imlﬂ-h

columns,
80, that we'can introduce three more matnmﬂ v ps 3 Of the samg form ag
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extend thu & 3 in a rlmgﬂnﬂl manner to hrmg in two more rows and




The p’s are obtained from thea’s by interchanging the sccond and t.llird rows
and the second and thind columns. . We now have, i_li addition to équ tions {(7)
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§ 3. Prunf of Invariance und a meu r ran *fwm&fiﬂi .

Multiply equation (9) by g on the ldt-hand side. | t hccumca, '
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The algebraic structure of Dirac‘s matrices:
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Let us repeat Dirac‘s argument slightly modernized

1 The form of the Dirac
equation

The relativistic Hamiltonian is given by (see,

for example, Messiah 1969)

H=¢ed+ [(p—eA)Q—l—mQ]l/z, (1)
where ® is a scalar potential, A the vector
potential, and m the mass of the system.
Assuming, in accordance with the postulates
of quantum mechanics, that the probability
density p,

p=x =20, (2)
is positive definite, it follows that the Hamilton
operator has to be hermitean. For the sake
of simplicity in the following no field is
considered. The Hamiltonian therefore
reduces to

H=(p"+ ,mg)l/?_
From eqn 3 one can see immediately that

3)

when applying the correspondence principle
0
E—izs p——iV, (4
because of the square root, the condition of

linearity for the Hamilton operator is not met
in a straightforward manner.

1.1 Polynomial algebras

Consider a second-order polynomial P, (x):
Py(x) = Cbglzfﬁgl'_j ‘f‘GzQQZfE?j (5)
i#] J
J=1...,m, (6)
where the a;; are elements of a symmetric

matrix, and the following linear form L (x):

L(z)= Zoe_},-:x_j. (7)
j=1

If the linear form L () satisfies the condition
P(z)+ L*(x) =0, (8)

then the set of elements {«;} forms an

algebra with the following properties




(Raghavacharyulu and Menon 1970):
i = J:log,ah], = —2a9l, (9)
() ?é j . [OJ-,{,O{J,;]_F = —(Lgll, (10)
where [,], denotes an anticommutator and
[ is the identity element in {«;}. There are
two rather well known special cases: (1) the
Grassmann algebra
a9 = U9y = []; [Oz.,—_} af]+ =0 (1 1)
and (2) the Clifford algebra
929 = —1, 21 = 0; [ch;_, Oc‘j]+ = 25;}
(12)
Obviously the Clifford algebra is exactly the
case needed to ‘linearize’ the square root in
eqn 3, where m = 2, 3 corresponds to the
Pauli case and m = 4 to the Dirac case:

1/2
m m

pr = ZU;p,;; (Py(p))'* =L (p).

(13)
In order to represent the coefficients o ; for
each case, i.e. m = 2, 3,4, one forms the
smallest set of coefficients which shows group

closure.

1.2 The Pauli group

For m = 2, the smallest set of elements o;
forming a group is of order 8:

(m=2)
Gp = {01,09,—01, —09,0109, —0109, [, —1} .

(14)
This group has five classes:
G ={l}, GC={-1I}
Cg = {0'1,—0'1} C4={O'2, —02}(15)
Cs = {0109, —0109}, (16)

and therefore five irreducible representations,
the dimensions of which are related to the
group order as follows:

> ni=8 (17)
i=1

This implies that four irreducible represen-
tations (D;, 7 = 1,4) are one dimensional
(nf = 1). This in turn implies that they are
commutative and therefore not Clifford al-
gebraic. The fifth irreducible representation




(D5) is two dimensional and - as can easily
be checked - is given by the following set of

matrices:
10 01
Daen) =+ (1) Dateoy -+ (1 )
(18)

0 —1 1 0
:t(l 0 ),Da(:t()']()'g)zzl:(o —l)

with Clifford algebraic properties. For m = 2
the problem of the linearization of the square
root is therefore completely solved by

9 fg)l/Q 10 o 01 »
(19)

The same representation as in eqn 18 can also
be used for the m = 3 case:

D5 (03) = —iDs (01) D5 (03) =

D5 (:I:O'g) =

10

0 —1
(20)

The matrices D5 (0;) ,i = 1,2, 3, are usually

denoted simply by o; and are the famous

Pauli spin matrices. For m = 2,3, the

corresponding group is usually called the

Pauli group.

1.3 The Dirac group

For m = 4 the following subset of the Clifford
algebra forms a group

G(”’:‘l) _ { iIa :t’}/;u :t’Y,uva (p’ > I/) ’
D —

£Y,707 (1> V> 0) ;71797374 = Vs
(21)

The order of this group is 32 and it has 17

classes. This implies (see eqn 17) that 16 ir-

reducible representations are one dimensional

(commutative) and one irreducible representa-

tion is four dimensional. This last irreducible

representation is Clifford algebraic, and one

particular realization of the representatives of

vi,? = 1,4, gives the famous Dirac matrices

0 ag; . )
D(f)/r): (O' 0 )a ?':1:273:
(22)

L, 0
0 —I, )’

o =

b=

D(vy) = (

with I,, being an n-dimensional unit matrix.

b




Since the Pauli groups are subgroups
of the Dirac group, one can show that the
irreducible representations of the Dirac group
can be found in terms of representations
induced by irreducible representations of

Gﬁ,m:Q). On the other hand, one can also
show that representations of the Dirac group
do not contain the irreducible representation
Dy (eqn 18). Considering therefore only
the structure of the Pauli and Dirac groups
and their irreducible representations, one
can immediately show that there is no way
of describing the relativistic Hamiltonian in
terms of a 2 X 2 matrix operator equation
without violating fundamental algebraic
properties.




Dirac‘s connex to the
Schrodinger & Pauli equations

or
the origin of the

Mass-velocity & Darwin terms,

Spin-orbit interaction
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After separation of variables Dirac arrives
at the following ,radial” equation:

FYZ|py + Vot pobi — pribir | pymcly 2 0.

I we write this equation out in full, calling the gi_:lﬂlmlwhlﬁ of § feferring |
the first and third rows (or columns) of the matrices y, and ¢y réspectively,
we get RS LIRS ' '

ih

9 = (po b V)b = o g =7 4 ey’ = 0,

R b ! B
(Fis = (py+- V) va - r"{m Vs .—""}- vs ”“"fﬂ. =07
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The elimination method slightly modernized:

Elimination method & spin-orbit coupl-
ing

In atomic units (b = m = 1)
H=co -p+(B—L)F*+VI |,

by making use of the bi-spinors property of the
wavefunction |1)) = |, x), the corresponding
eigenvalue equation can be split into two
equations

co-plx)—V|p) elo)

co-plo)y+ (V = 2(.:2) X) = €lx)

Clearly, the spinor |y) can now be expressed
in terms of |¢):

X) = (1/2¢)B"'a -plg)

B=1+(1/2¢%) (e=V) ,

yielding only one equation for |¢):
Dlp)=¢lo)
D=(1/2)o-pBlo-p+V

For a central field the operator D has the same
constants of motion as the Dirac Hamiltonian,
namely J?2, 7., and K.The differential
equation for the radial amplitudes of |¢),

R, (r) /r for a spherical symmetric potential




1.

2.

For ¢ = oo this equation 1s reduced to the
radial Schrodinger equation.

By approximating the elimination operator
B by unity (B = 1) the Pauli-Schrédinger
equation 1s obtained, where the terms on
the right-hand side are respectively the
spin-orbit coupling, the mass velocity term,
and the Darwin shift.

. For B # 1 relativistic corrections in order
higher than ¢, enter the description of the
electronic structure via the normalization.




