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Abstract

Ab initio theories of electric transport in solid systems with reduced dimensions, i.e., systems that at best
are characterized by two-dimensional translational invariance, are reviewed in terms of a fully relativistic de-
scription of the Kubo—Greenwood equation. As the use of this equation requires concepts such as collinearity
and non-collinearity in order to properly define resistivities or resistances corresponding to particular magnetic
configurations, respective consequences of the (local) density functional theory are recalled in quite a detailed
manner. Furthermore, since theoretical descriptions of solid systems with reduced dimensions require quan-
tum mechanical methods different from bulk systems (three-dimensional periodicity), the so-called Screened
Korringa—Kohn—Rostoker (SKKR-) method for layered systems is introduced together with a matching coher-
ent potential approximation (inhomogeneous CPA).

The applications shown are mainly meant to illustrate various aspects of electric transport in solid sys-
tems with reduced dimensions and comprise not only current-in-plane (CIP) experiments, but also current
perpendicular to the planes of atoms geometries, consequences of tunneling, and finite nanostructures at or on
metallic substrates.

In order to give a more complete view of available ab initio methods also a non-relativistic approach
based on the Tight Binding Linear Combination of muffin tin orbitals (TB-LMTO-) method and the so-called
Kubo-Landauer equation in terms of transmission and reflection matrices is presented.

A compilation of references with respect to ab-initio type approaches not explicitly discussed in here finally
concludes the discussion of electric properties in solid systems with reduced dimensions.
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1. Introduction

Electric conduction in solid matter raised interests in its theoretical description since many years.
In the context of this review there is an extensive list of exciting papers dealing with this aspect such
as Refs. [1-10], some of which became very famous, others—unfortunately—are too little known,
the latter definitely applies to Ref. [8]. In particular the interplay between microscopic, mesoscopic
and macroscopic levels of description made this field right from the beginning so interesting from
the theoretical standpoint of view, see, e.g., Ref. [11]. Although since even the early days of quan-
tum mechanics metallic conductivity posed fundamental questions and found some answers in the
following decades, it was essentially the reduction of dimensionality in solid systems that gave the
whole field an enormous boost. The discovery of the giant magnetoresistance effect (1988), see also
Ref. [12], turned out to trigger off a small industrial revolution considering the present and future
applications in the recording and computer industry. Clearly enough this new physical property that
is confined to systems with at best two-dimensional translational invariance (layered systems) re-
quired new types of theoretical descriptions, e.g., approaches, capable of dealing with semi-infinite
systems. Luckily enough by then density functional theory [13—15] was already well-established and
has to be considered now as the backbone of all ab initio type descriptions of electric transport in
solid systems per se.

1.1. Icons and iconography

Current perpendicular to the planes of atoms (CPP) experiments seem to be very easy to un-
derstand: iconified pictures of charged particles moving from one reservoir (lead, partial system of
given chemical potential) through matter to another reservoir are readily sketched. By shifting the
chemical potential in one of the leads relative to the other one, a voltage drop is usually symbolized
on the spot. Such (macroscopic) icons are of course of little help, if not completely counterpro-
ductive, if a microscopical (quantum mechanical) description of CPP is the scientific aim. In the
case of current-in-plane (CIP) experiments an iconification of the travelling of electrons in solid
systems with reduced dimensions is perhaps less easy achieved, although occasionally pictures of an
ensemble of individual atomic planes—the electrons bounce back and forward within such planes
and eventually move to the next plane—are still in use. Clearly enough all these macroscopical
perceptions are futile once detailed answers to questions like “and how big is the parallel resistance
in a particular system” are posed.
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1.2. Quantum mechanical levels of description

Presently three conceptually quite different schemes of describing electric transport in terms of
ab initio like methods are available, namely the linearized Boltzmann equation, a Landauer-type
approach, see in particular Ref. [11], and applications of the Kubo—Greenwood equation. The use
of the linearized Boltzmann equation is restricted to quantum mechanical schemes that are based
on three-dimensional periodicity, i.e., on schemes providing a well-defined Fermi surface. Clearly
enough supercell calculations are then in most cases the computational consequence. Landauer-type
descriptions became rather popular in connection with the problem of tunneling of electrons through
non-conducting matter; conceptually they are confined to CPP-like transport. The Kubo—Greenwood
equation proved to be applicable not only for bulk-like problems, but also in the case of CIP and
CPP. For this reason this review is mainly concerned about the Kubo—Greenwood equation and its
use, although there will also be sections dealing with the so-called Kubo-Landauer equation and
related applications.

1.3. Guide through sections

As already indicated all ab initio type calculations are based on density functional theory. It is
therefore necessary to discuss basic consequences of the local spin density functional (LSDF) in
particular in the context of collinearity and non-collinearity, magnetic configurations, and to re-
view aspects of casting Kohn—Sham Hamiltonians into a Green’s function concept. Furthermore,
since Green’s functions are the key-quantity not only in the Kubo—Greenwood, but also in the
Kubo-Landauer equation and related approaches, the presently most flexible method for calculating
Green’s functions within the LSDF, namely the Screened Korringa—Kohn—Rostoker method (SKKR)
needs to be shortly reviewed.

Perhaps it will be remembered that right from the beginning the giant magnetoresistance (GMR)
and the interlayer exchange coupling (IEC) were considered to be just two sides of one and the
same coin, i.e., to be caused by the very same type of microscopical effects. In order to question
this, but also since the IEC (and the magnetic anisotropy energy in magnetic multilayers) is a perfect
example for a consequent use of the concept of magnetic configurations this quantity is introduced
even before the Kubo—Greenwood equation is mentioned. A proper discussion of the boundary
conditions for the Kubo—Greenwood equation in solid systems with reduced dimensions will lead
almost automatically to various applications and concepts either within CIP or CPP geometry. The
correlation of a generalized IEC concept with the GMR is then questioned again in facing the
problem of exchange bias effects in the GMR in spin valve systems.

Although presently all applications of the GMR are materialized in terms of layered systems,
a future further reduction of the dimensionality of solid systems—a reduction to (spatially local)
magnetic nanostructures—definitely will lead to another boost in recording devices. Therefore, also
ab initio type descriptions of the electric properties of such structures need to be sketched.

All the above approaches and examples will refer to a fully relativistic level of description.
As an illustration of a non-relativistic approach the TB-LMTO (tight binding linear combination
of orbitals) method is then used to introduce the Kubo—Landauer equation and the transmission
matrix formulation. Finally a list and classification in terms of applied methods using alternative
approaches is provided. It should be noted that for matters of easy access this list only quotes from
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Physical Review Letters, the Physical Review and the Journal of Applied Physics. Together with
the references given in the other sections this list is basically meant to provide a quick guide to
the present state of ab initio like calculations of electric properties in solid systems with reduced
dimensions.

2. Kohn—Sham Hamiltonians and resolvents
2.1. Collinearity and non-collinearity

2.1.1. “Spinors”
Suppose one-particle (electron) wave functions are products of the following kind:

q/(r’o-) = !ﬁ(l’)(]’)(ﬁ), 0 =m; = :II% > (1)

O-() +)-()

where obviously the ¢(g), o= +3,
space, usually termed “spin space”:

are not functions, but unit vectors in a two-dimensional vector

(¢(0) - $(a")) = door - (3)
In principle the transformation properties of ¥(r,c) are conceptually very easy, since

ReOQ3): R¥(r,0) = Y(R™'1)d(0) = ¢p(a)(R™'r) = ¢p(a)D(RW(r) , (4)
where D(R) is a representation of R € O(3) and

UR) € SU2): UR)[W(r)p(a)] =y (r)[U(R)P(o)] . (5)

Recalling now the definition of the vector of Pauli spin matrices,

0 1 0 —i 1 0 6
0 = (0x,0y,0;), Oy = ) gy = ) 0, = 5
(0. 0y.02) 1 0 g i 0 0 —1 (

the non-relativistic (Kohn—Sham-) Hamiltonian is usually defined within the local density functional,
see also Appendix A, as

HX)=hL (-3 V> + V() +a6.B(), (7)

where [, is a n X n unit matrix and V(r) is the (effective) potential. One obvious meaning of the
second term on the rhs of Eq. (7) is that the (effective) magnetization B(r) points along an arbitrary
assumed Z-direction, say n € %3, i.e., is of the form

B(r)=B()n, n=(0,0,1). (8)
The general form of the scalar product between ¢ and B(r) is of course given by
(6 - B(r)) =B(r)(o - &) = B(r)(0:¢x + 0,8y +0:8) )

with & € #Z; being a vector of unit length in an arbitrary direction.
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Quite clearly by keeping in mind Eqgs. (4), (5), a transformation of Eq. (7) of the following kind:

UR)A (U ' (R)=1L (-3 V> + V() + UR)e.B.(r)U'(R) ,

UR)eSU2), (10)

really means that only the second term on the rhs of Eq. (10) is transformed as

U(R)a.B(r)U Y(R) = B(r)U(R)(6 - n)U'(R) = B(r)(¢’ - n) (11)
where
¢ =(0,,0,.0.)=UR)eU '(R) . (12)

Reviewing Eq. (11) again, it is obvious that the scalar product on the rhs of this equation can be
written also as

(¢ m)=(c-&), (13)
where—as should be noted in particular—
E=D®(R)n . (14)

D®)(R) is a rotation in %3 such that the condition in Eq. (14) is met. Since obviously a transfor-
mation in spin-space corresponds to a similarity transformation for the Pauli spin matrices, such a
transformation can be viewed also as an “induced” transformation for the orientation of B(r).

If 4= {mn; =(0,0,1),Vi} denotes a set of unit vectors in Z-direction centered in the sites
i=1,2,...N, and the set /" = {&} specifies the actual orientations in these sites, an arbitrary pair
of orientations, &; and &;, is said to be “parallel” to A", if

&=DNEm; & =D Em,, (15)
“antiparallel” to Ny, if

&=DYEm; &=DV(m, , (16)
and “collinear” to N, if

&E=DEm; &=DRm; R=Eori, (17)
where

DO(EY=L, D®(i)=-L. (18)

It should be recalled that DG)(E) is induced by a transformation in spin space with

UR) = bo — DB(E) (19)
0 1 ’
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and D®)(i) for example by

_ (0 3)(;
UR)=o0,= C o — DY(i) . (20)

The last equation can easily be checked using the properties of the Pauli spin matrices, namely
1 1o 2
UR)UR) = 0 1 =0,, 0,0.0,=—0,, (21)
from which immediately follows that also
0 1
U(R) = o, = Lol D) . (22)

If, therefore in Eq. (17) R is induced by an arbitrary rotation in spin space, U(R) # I», 0y, 0y, then
this pair of orientations is colloquially called “non-collinear”.

It should be noted that the use of D®)(E) or the choice of n in Eq. (17) does not imply a loss
of generality, since the same description applies also to a pair of orientations

& =DI(S)DP(Em;, & =DV (S)DP(R)n; , (23)

with DG)(S) being induced by some rotation U(S)€ SU(2). As in Eq. (10) the first term on the
rhs, namely

L(=1V*+V(r))
remains unchanged for any arbitrary U(R) € SU(2) the definition of collinearity, see Eq. (17), is not

restricted by the possible presence of a point group symmetry.

2.1.2. “Bispinors”
By using a relativistic description within the local density functional the Hamiltonian is given by

H(r)=ca-p+ pmc* + LV (r) + f2.B(r) , (24)

where a = (o1, %, %3),

_ 0 g; _ [2 s g; 0 25
“i_aio’ﬁ_ ) T \o &) (2)

The transformation properties of #(r) are now slightly more complicated. Consider a rotation R,
then invariance by R implies that

S(R)A(R™'1)S™Y(R) = #(r) , (26)

where S(R) is a 4 x 4 matrix transforming the Dirac matrices o;, f§, and 2;

S(R) = &) 0 (27)
N0 det[xlU®) )
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U(R) is a (unimodular) 2 x 2 matrix and
det[ + ] = det[D®(R)] (28)

with D®)(R) being the corresponding three-dimensional rotation matrix. Using now the invariance
condition in (26) explicitly, one can see immediately that the condition

SRLVR'IST'R)Y=LV(R 'r) =LV (r) (29)
yields the usual rotational invariance condition for the potential, while the terms
S(R)[cex - pIST'(R),  S(RIFZ - BR™'MIST'(R) , (30)

have to be examined with more care. Considering the scalar product in here explicitly term-wise,
this reduces to the following common condition for both expressions in (29),

UR)eU '(R)=0 . 3D

As in the previous “spinor’-case the obvious meaning of Eq. (24) is that the “magnetization”
B(r) points along an arbitrary assumed Z-direction, i.e., is of the form

B(r)=B(r)n, n=(0,0,1). (32)

However, by comparing, now the transformation properties in the “spinor”- and the “bispinor’-case,
one easily can see that in the “bispinor’-case for a proper definition of collinearity an induced
rotation for the orientation of B(7), such as defined in Eqs. (13) and (14) is restricted by a possibly
present rotational invariance condition for

(1) the (effective) potential V(r),

VR 'r)=V(r), (33)
(2) the (effective) magnetization B(r),
B(R™'r)=B(r), (34)

and

(3) the invariance condition for the kinetic energy operator ca - p, whereby, because of the term
p2.B(r), the sign of ¢ has to be preserved. Expressed in colloquial terms this simply means that
“spin—orbit-coupling” also enters the definition of collinearity.

2.2. Translational properties
In the “spinor’-case translational invariance,
1
H(+t)=1 (—2 Vi V(r+ t)) +0.B.(r+t)=H(r), teL™, (35)

where " is a n-dimensional lattice, implies—as easily can be checked—that

éi = §0> VZGI(X(}”))’ n < 3 5 (36)



290 P. Weinberger | Physics Reports 377 (2003) 281-387

where 1(£™) denotes the set of indices corresponding to £ and &, is some arbitrarily chosen
orientation of B(r) such as for example Z. Eq. (36) also applies in the “bispinor”-case, since for a
translation the matrix S(R) in Eq. (26) has to be the unit matrix.

The set T of elements [E|t], ;€ %™, where E denotes an identity rotation, and group closure
is ensured such that

[E|GIEl] =[Elt + 41€T (37)
[E|6IEGIE6]) = ([EGIE|GDIEG] (38)
[E|6IE] — ] = [E| — t][E]t] = [E|0] , (39)
[E|t]T = [E|0e T, (40)

with [E]0] being the identity element, is usually referred to as the #™ corresponding translational
group of order |T|:

[E|t1#(r) = A(E|t:] 'v) = #(r — t;) = #(x) . (41)

As is well-known only application of this translational group leads then to cyclic boundary conditions
for the eigenfunctions of #(r), i.e., to Blochfunctions. Since |7'| has to be always finite,

T =]] 7l . (42)
i=1

it can be interpreted in physical terms as either the Lohschmidt number (£); bulk, infinite system),
the number of atoms in a given atomic plane of a layered structure (£?); semi-infinite system), the
number of atoms in an atomic linear chain (£1), or the number of atoms in a magnetic domain.
In the latter case this number is still quite large, sufficient, however, to observe a uniform direction
of the magnetization within such a domain.

It should be noted that Eq. (34) can easily be extended to complex lattices. According to the
discussions above non-collinearity can formally only be introduced by either reducing the dimensions
of the lattice or, in special cases, considering complex lattices.

2.3. Magnetic configurations

Based on the previous section it is now very easy to define collinear magnetic structures in layered
systems. Suppose that for a two-dimensional translational invariant system (layered system; one atom
per unit cell for matters of simplicity) a particular configuration

fgi:{...,nk_l,nk,nH],...} 5 (43)

where k& numbers atomic layers, is defined by a set of collinear unit vectors »; that characterize the
orientations of the magnetization in all atomic layers considered, then configuration

(gj: {"’ank—l,_nk,nk+1,...} (44)
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refers to an arrangement in which with respect to %; the orientation of the magnetization is reversed
in the kth atomic layer. Taking also non-collinear configurations into account implies that %; can be
reached in a continuous manner by means of a rotation U(®) of n;, 0 < O < 2x, around an axis
perpendicular to g, i.e., by considering configurations of the form

%(@):{...,nk_l,U(@)nk,nk+1,...} . (45)

This implies that although within one atomic layer because of translational symmetry collinearity has
to apply, with respect to each other the various layers can be orientated non-collinearly. Restricting,
however, theoretical investigations to collinear configurations demands that in all atomic layers the
corresponding orientations of the magnetization are either parallel or antiparallel to a given direction.
This is indeed important to recall since even in the simplest case of a ferromagnetic configuration
(all orientations are parallel) the prechosen direction of reference can be in-plane or perpendicular
to the planes of atoms. According to Eq. (42) a ferromagnetic configurations can be formulated as

Co = {ni|nx = no, vk} , (46)

where ny is a prechosen direction such as e.g. within the planes of atoms.

2.4. Resolvents and Greens functions

The resolvent of a hermitean operator (Hamilton operator) is defined as follows
Gz)=Gz—-H)"', z=¢+id, (47)

where in the present case H is given in terms of a Kohn—Sham Hamiltonian, see Eqs. (17) and
(24). Any representation of such a resolvent is called a Greens functions, e.g., also the following
configuration space representation of G(z),

(rlG)IY') = G(r,r';2) . (48)
The so-called side-limits of G(z) are then defined by
G'(e); 6>0,
lim G(z) = (49)
3]—0 G (e); d0<0

and automatically lead to the property,

ImG'(¢e) = zl(GJr(s) — G (), (50)

i
or, e.g., by making use of the properties of Dirac delta functions,

Tr[Im G*(r,r;6)] = T 'Y 0(e — &) (51)
k

n(e) = FTr[ImG*H(r,r;¢)] , (52)
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where Tr denotes the trace in configuration space and n(¢) is the density of states (of a Hamiltonian
with discrete eigenvalue spectrum). A Dirac delta function can therefore be simply viewed as the
Cauchy part of a first order pole in the resolvent G(z).

2.5. Scaling transformations

Suppose the Hamilton operator H (e.g., the Kohn—Sham—Dirac operator) is given in terms of
an unperturbed Hamiltonian Hy and a perturbation operator V', then clearly A can immediately be
written as

H=Hy+V=Hy+V+W-W=H,+V", (53)
where

Hy=Hy—W, V =V+W. (54)
The resolvents of H and H, are defined in the following manner:

GE)=(—H)", Goz)=(—Hy) ", (55)
from which readily the resolvent of H| follows:

Gyz)=(z—-H) '=@E—-Hy+WwW)", (56)
or written in terms of a Dyson equation,

Gi(z) = Go(2)I1 — WGH(2)] , (57)

where z=¢+1J, 6 > 0. From Eqs. (56) and (57) then follows directly that the Dyson equation for
G(z) can be written either in terms of Gy(z) or Gy(z)

G(z) = Go(2)[1 + VG(2)] = Gy(2)[1 + V'G(2)] . (58)

It should be noted that this little quantum mechanical “trick” is the basis of “screening” in the KKR-
and in the LMTO-method.

3. Multiple scattering theory
3.1. Green's functions and scattering path operators

Using “traditional” multiple-scattering theory [16,17], the Green’s function can be written in a
partial wave representation as

G(ri+ Rt + Riz8) = > R(ri;e)t)) o ()R, (X)) + 65 > Riy(ri <; e)Hy(x)536) (59)
L

AA!

{m non-relativistic,
A= (60)

ku  relativistic,
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where the R; denote positions of Coulomb singularities (positions of atoms) or of empty sites
(centers of “empty spheres™), the R',(r; ¢) and H'(r; ¢) are properly normalized regular and irregular
scattering solutions of the radial Schrodinger or Dirac equation corresponding to the energy ¢ and
the potential V;(R;). The so-called Green’s function matrix

G(e)={G"(e)}, G(e)={G},(s)} (61)
is then given by
G(e) = G%e) + G%e)t(e)G (e) = t(e) 't(eNt(e) ™ —t(e) ', (62)

namely given in terms of single-site ¢ matrices,

t(e) = {t'(e)0;}, t'(e) = {t)(e)d;} . (63)
the so-called “structure constants”,

G'(e) ={G (&)}, {G"V(e)} ={Gy1(®)} , (64)
and the scattering-path operator,

w(e) =[t(e) "' — GYe) ", (65)

w(e)={t'(e)}, {(e)} ={I,(e)} - (66)

)

It should be noted that in the above equations a “‘supermatrix” notation was introduced, which
will be very handy in the next section and simply implies matrix structures of the type

0 0 0 0
0 tie) 0 0 0

te)=] 0 0 e 0 0|, (67)
0 0 0 te) 0

0 0 0 0
‘L'i’i(S) Ti,i+1(8) ,L_i,i+2(8)
ijl,j(s) Tj,j(g) Tjaj'*‘l(g) ,L-j-.i+2(8)
t(g) _ Tk_2’k(8) rk_l’k(g) Tk’k(S) ,L.k,k+l(8) ,L_k,k+2(8) ’ (68)

Tk+1,k+1(8)

where according to Egs. (63) and (65) each matrix element is itself an angular momentum repre-
sentation.
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3.2. Muffin-tin-geometries
Let us assume that the potentials and the exchange fields in the Kohn—Sham Hamiltonian for

a system with only two-dimensional translational symmetry are superpositions of non-overlapping
functions,

Vi)=Y Vi +R +R2) =Y Vi(R;:) . (69)
B(r)=> B+ R, +R.2)= Bi(R:.), (70)
Ri=(R;,Riz), Ry € 7@ (71)
Furthermore, let assume that they are of “muffin-tin”-type, i.e.,
Vi(lrilsRiz),  |ri] < bi(Riz)
ViRiz)=V(ri + Ry | + Ri.z) = , (72)
Vo otherwise ,
Bi(|ti|;Riz),  |ri| < bi(Riz)
Bi(R;-) = B(r; + R, + R;.2) = , : (73)
0 otherwise

where the b;(R;.) are the so-called “muffin-tin”-radii, ¥, and B, are the “muffin-tin”-constants, and
that the perturbation W in Eq. (53) is also a superposition of individual (non-overlapping) potentials,

W)= W +R+R.2)=Y Wi(R:.), (74)

with
W,, |t <bi(R;.),

. Vie (L), VR, , (75)
Vo  otherwise ,

I/Vi(Ri,z) — {
where W, is a suitable constant, and the index r stands for ‘reference system’.

3.3. “Screening transformations”

Eq. (62) can easily be reformulated with respect to a new reference system r. If the single-site ¢
matrices corresponding to W, are denoted by t"(¢), the respective Green’s function matrix, G"(¢) =
{G"(e)}, G"Y(e)={G}/(¢)}, see in particular also Eqgs. (57) and (58), is given by

G'(s) =G (&)1 - t' ()G (e)] ", (76)
where I denotes a unit matrix. By introducing the following difference:

ta(e) =t(e) —t'(e) , (77)
one obtains for G(e):

G(e) = G"(e)[I — t4(e)G"(e)] " . (78)
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Defining finally the following scattering-path operator:

ta(e) = [ta(e) ™ =G ()], (79)
G(e) can also be expressed as

G(e) = G'(¢) + G/(e)ea(6)G () = ta(e) " a(e)ta(e)™ — tu(e)™" . (80)

Therefore, once t"(¢) and G’ (¢) are known, Egs. (78)—(80) represent an equivalent set of equations
to Egs. (62)—(65). Combining Eq. (62) with Eq. (80) the below relation can easily be read off,

1(€) = t(e)[ta(e) " rae)ta(e) ™+ (He) T — ta(e)"H]tCe) - (81)

3.4. Screened structure constants

By choosing a suitable W, Eq. (75) can be solved such that
G"(e)=G"(e)~0 for VR,—R;|>d, (82)

where the distance d has to be viewed as the radius of a sphere that comprises only a few types of
“neighboring” sites such as e.g. first- and second-nearest neighbors.

Suppose now that in all atomic layers one and the same two-dimensional translational symme-
try applies, with #?) referring to a simple two-dimensional lattice, and—in order to simplify the
notation—position vectors are simply denoted by R,

R, =C,+R;; Ry € z, Cp=Ri:z, (83)

where C, is sometimes referred to as the “spanning vector” of a particular layer p. According to
Eq. (82) for the lattice Fourier transformed screened structure constants,

G (k)= Y explik - RjIG"(C, + R, Cpie);  pg=1,....n, (84)
Rje¥

therefore the following assumption can be made:

G P(k;e)=0 if [p—q| >N, (85)
where N is a suitably chosen parameter. Consider now the following tridiagonal supermatrix:
Ay 4 0 0 0
Ay An A 00

0 4dy»n 43 4 O (86)
0 0 Asz Ass  Ass

i.e., a matrix where each matrix element 4;; is a square matrix.
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A non-vanishing block of dimension N of elements G"?(k|;¢), |p — g| < N, can therefore be
viewed as one particular element of such a tridiagonal matrix. Labelling the rows and columns
of this tridiagonal matrix by P and QO (“principal layers”) the supermatrix of the screened struc-
ture constants, G"(k|; &) = {G””q(k”;z—:)}, can be viewed also as a tridiagonal matrix in “principal
layers”,

G'(kj;e) ={G""2(k;6)} . (87)

Furthermore, if a parent three-dimensional lattice [18] can be assumed, i.e., if all interlayer distances
are equal (no layer relaxation), then obviously the elements of this tridiagonal matrix are of the
following form:

G (Kk;e), P=0,

G%kp;e), P=0—1,
Grokpey=4 (88)
Gkp;e), P=0+1,

0, otherwise ,

where the index zero refers to an arbitrarily chosen origin of #?). It should be noted that in the
case of layer relaxations in principle all G"” Q(k”;s) are different, although G"(k; ¢) is still formally
tridiagonal.

The kjth projection of t4(¢), see Eq. (79), is then given by

ealkyse) = [ta(e) ' — G (ks )] (89)
where

ta(e) = {th(e)opo}.  Lh(e) = {14()d 4} (90)

ealkyse) = {2z o)), 06 = {f'@)} - ©1)

Quite clearly, since ty(¢) formally is a diagonal supermatrix, the inverse of t,(kj;¢) is of
tridiagonal form.

3.5. Partitioning of configuration space

Usually for a system with a surface or with interfaces three regions of different physical properties
can be distinguished, namely a left semi-infinite system (L), a right semi-infinite system (R) and an
intermediate region (I1). These regions correspond to the following numbering scheme for principal
layers:

L:—o0o<P<0,
[:1<P<n,

R:in+1<P<o0o, (92)
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which in turn implies, that [7,(kj; ¢)]”! can be partitioned as follows:

[ra(kps )y [ra(kys o)l 0
[eak; )] = | [rakp o)l [aakps o)l [tk e)lig | - (93)
0 [ea(kps ) [raCkys o)k

In order to evaluate (K|; )11 use can be made of the so-called surface scattering path operators,
which in turn refer to the so-called “missing elements” in the above tridiagonal matrix,

Ac(kse) =[15(e) " = G"%(kyse) — G (ks )AL (ks )G O (ks e)] (94)

Ar(ky;e) = [5(e) " — GOk 8) — GPON (ko) dr (ks )G (ks )] (95)

It should be noted that in Egs. (94)—~(95) and in the following equation a parent three-dimensional
lattice is assumed. In terms of these two quantities, which have to be calculated selfconsistently, the
PQOth element of the scattering path operator in the interface region is then given by

[[TA(kH;g)]ITIl]PQ _ (fj(g)_l o QF’OO(kH;E))@DQ o QV,Ol(kH;E)ép,Qfl - Q”,lO(k”; 8)5P,Q+1
_Qr,m(k”; 8)A£(k|| ; g)Qr,Ol(k”; 8)5P, 15Q,1
—Q”lo(k”; &)ArR(k”, E)Qr,lo(ku;g)éi’,nég,n . (96)

Finally, with respect to two given sites, R,=R, | +C, and R, =R, | +C,, respectively, R, | ,R,, | €
#?)_ the so-called site representation of t4(K|; ¢) in the interface region can be obtained by means
of the following surface Brillouin zone integral:

1 .
,sz(g) = @ /exp[ — lkH : (R”,H — Rm)H)]‘Eﬁq(k”; S)dk” , (97)

where Qgpz is the unit area of the two-dimensional Surface Brillouin Zone (SBZ). Since the “un-
screened” scattering path operator t"”(¢) is always related to 7’\"(¢) via Eq. (81), in the following
sections simply t""(¢) is used.

3.6. Rotation of frames

Now we shall go back to the Kohn—Sham—Dirac Hamiltonian in Eq. (24) and the section that
introduced the concept of magnetic configurations. Let R € O(3) be a rotation, which transforms
the orientation of the effective magnetization &7 of site i in the pth layer into the direction Z.
Furthermore, let #7/(¢) refer to the single-site z-matrix if &7’ is parallel to Z, while 75'(¢) refers to
the ¢-matrix if &7 points along the direction R~'Z. Because the effective potential and the effective
exchange field are spherical symmetric, see Eqs. (72) and (73), these two single-site f-matrices are
related to each other by the following similarity transformation,

t§'(e) = D(R)t"'(e)D(R)' , (98)
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where D(R) contains blockwise the irreducible projective representations [20] of R. Clearly enough
two-dimensional translational invariance then implies that

()=, Viel(Z?), (99)

where i = 0 refers to the origin of #?),

Special care has to be taken in performing the occurring Brillouin zone integrals needed to evaluate
the elements of the scattering path operator, see Eq. (97), since in the presence of a magnetic field
these integrals can no longer be restricted to an irreducible wedge of the corresponding Surface
Brillouin Zone. Let G be the point group of the underlying two-dimensional lattice, such as for
example Cy, in the case of an fcc(00 1) surface, and suppose D(S) contains blockwise the irreducible
projective representations [20] of S € G. If IBZ, denotes an irreducible wedge of the SBZ, then any
other wedge IBZg of the SBZ is defined by

such that
SBZ = IBZs . (101)
SeG

It easily can be shown that
rpq(S_lkH; g)= D(S)*ré’q(ku;s)D(S) , (102)

where—as should be noted—p, g are layer indices and rgq(k”;s) refers to the corresponding simi-

larity transformed #-matrix té’o(s), as defined in Eq. (99). The SBZ-integral, Eq. (97), can therefore
be expressed as

1
i)=Y D(S)" [ /1le rg‘f(k;g)dk”] D(S) , (103)

Q
e IBZ,

where Qgz, denotes the surface area of IBZ;. Eq. (103) implies (i) that the structure constants
need only be evaluated for a chosen set of k €IBZ; and (i) that for any pair S,R€ G for which

12°(¢) = 1£°(¢) the integrals in Eq. (103) are identical.
3.7. Atomic sphere approximation

Frequently in practical calculations the so-called atomic sphere approximation (ASA) is used in
which the unit volume 7 corresponding to the origin of the two-dimensional lattice characterizing
atomic layer p is replaced by a sphere of equal volume,

4
S (REsY =7 (104)

The radius of this sphere—the Wigner—Seitz radius—is then used to (a) calculate respective single
site z-matrices and (b) to determine the normalization integrals of scattering solutions needed to
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evaluate densities of states, Bloch spectral functions, or magnetic moments, see in particular the
discussion in [17], i.e., Rf¢ replaces uniformly the muffin-tin radii.

3.8. The coherent potential approximation for inhomogeneously disordered solid systems

For a given intermediate region of n layers the so-called coherent scattering path operator 7.(z)
is defined as

(z) = Qgpy / expl — k) - (Ry ) — Ry Jef (k) 2) d (105)

which implies that in each layer p for the coherent single-site #-matrices the following translational
invariance applies:

th(z2)=tl(z); Viel(¥?). (106)

In Eq. (106) it is supposed that in all atomic layers one and the same two-dimensional translational
symmetry applies, where ) refers to a simple two-dimensional lattice, and that position vectors
are simply denoted by R,

R,=C,+R;; R ecz® C,=R.z. (107)
In the following only (super-) matrices, labelled by layers shall be used:
tcl,](z) 0 e e 0
0
t@=] ' 0 e 0 ; (108)
0 cee 0 1"(2)
wr(z) ()
t(z) = : : , (109)
h(z) - T(z)

with t77(z) = tf(z) and p,g=1,...,n.
Quite clearly a particular element of 7.(z),

I(2) = TP (z) = 12 (2) = O, / 29k 2) kg (110)
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refers to the unit cells (i=0) at the origin of #® in layers p and ¢. Suppose now the concentration
for constituents 4 and B in layer p is denoted by ¢}, (p=1,...,n),

=1, (111)

a=A,B

and one specifies the occupation in the unit cell at the origin of #?) of a particular layer p in
terms of the following matrix m ,(z)

0

my,(z)=| 0 o omy(z) 0], (112)
0

mb(z)=tP(z) "' —12(z)"", a=A4,B, (113)

where 7 (z) is the single-site #-matrix for constituent « in layer p. The corresponding layer-diagonal
element of the so-called impurity matrix is then given by

DiP(z) = DY*P(z) = [1 = mf(2)cl* ()] 7", (114)

and specifies a single impurity of type « in the translational invariant “host” formed by layer p. The
coherent scattering path operator for the intermediate region (multilayer) 7.(z), is therefore obtained
from the following inhomogeneous CPA condition [19]:

P(z) =Y tP(2)) p - (115)
a=A,B

(t7P(2)) pu = 17 (2) = DYP(2)tl"(2) | (116)

p=1,....n, (117)

i.e., from a condition that implies solving simultaneously a layer-diagonal CPA condition for layers
p=1,...,n. Once this condition is met then translational invariance in each layer under consideration
1s achieved,

<TPP(Z)> po = <Tp0,p0(Z)> pO,o0 = <Tpi’pi(z)>pi,oc 5 (118)

Viel(£%), a=AB, p=1,....n. (119)

Similarly, by specifying the occupation in two different sites, see e.g. [17,19], the following restricted
averages are obtained,

P # ¢ (T79@)) pingp = DYP ()Y (2)DF2Y, Vi jel(LP), (120)

p=q: = (t"P(2)) iy pjp = DLV ()P (2)DRP(2), V(i # Hel(LP), (121)
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where (ré”"’” (2)) pin,qjp has the meaning that site (subcell) pi is occupied by species o and site
(subcell) gj by species f§ and the symbol ¢ indicates a transposed matrix.

3.9. The embedded cluster method

Let us assume a finite set of impurities interacts within a given finite range of a semi-infinite
host such as is the case of finite nanostructures on or in the surface of a (metallic) substrate
(“host”). By choosing a certain set C = {R,,} of (lattice) sites (“cluster””) occupied by these im-
purities but also by perturbed host atoms, such that outside C the potentials can be considered to
be identical with those of the unperturbed host, then C can be treated as a perturbation of the
host. Suppose the lattice Fourier transformed scattering path operator of the two-dimensional trans-
lationally invariant layered host is denoted by 4(k,E) = {r;/(k|,E)}, see also Egs. (85), (97)
and (103),

1 .
(E) = / e MIrR—RiD M (K E) &k (122)
Qspz Jspz
R,=R, +C,, R,=R,+C, R, R ez?, (123)

where p and g refer to layers and k| € SBZ. By replacing the 7-matrices of the unperturbed host,
t,(E), with those of the cluster-atoms, tc(£), leads to the following Dyson like equation,

tc(E) =t(E)1 — (t, ' (E) — to " (E))yw(E)] ™", (124)

where 7¢(£) is the SPO-matrix corresponding to all sites in cluster C, from which in turn all
corresponding local quantities, i.e., charge and magnetization densities, spin- and orbital moments,
as well as the total energy can be calculated. Note, that Eq. (124) takes into account all scattering
events, both, inside and outside the cluster [21].

4. Interlayer exchange energy and the magnetic anisotropy energy
4.1. Interlayer exchange energy (IEC)

At a first glance it would seem that by simply taking the total energy difference between two
relevant magnetic configurations such as for example the ferromagnetic (“parallel”) and the anti-
ferromagnetic (“antiparallel”) ones, the IEC can readily be obtained. Unfortunately this implies to
take the difference between two very large numbers, i.e., one has to be sure that not only both
total energies are well converged with respect to the Brillouin zone integration used but also with
respect to a sufficient number of decimal places since the IEC usually is only of the order of a few
meV or even less. Independent from the actual “band structure” method applied this caveat makes
the use of total energies numerically not quite advisable. Furthermore, electronic structure methods
based on three-dimensional translational periodicity (“supercell approaches”) can be quite mislead-
ing for essentially two reasons: (1) in reality, i.e., in experiments, usually only trilayer systems
consisting of 2 magnetic slabs and a spacer are measured and not a periodic array of trilayers, and
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(2) by changing for example the thickness of the spacer the Fermi energy changes causing in turn
incompatibilities with respect to the magnetic slabs. For these reasons essentially only approaches
based on two-dimensional periodicity (“surface Green’s function approaches for layered systems™)
guarantee a physically correct description of a system consisting of a substrate and a magnetic trilayer
with a free surface, in particular since only Green’s function approaches are suitable for taking
into account effects of alloying and interdiffusion at interfaces in terms of the coherent potential
approximation.

In most applications up to now the magnetic force theorem [22] was applied by considering the
grand-potentials of the two magnetic configurations under investigation

AE, = Ep(%) — Ep(%0) » (125)

evaluating, however, only one magnetic configuration (%,, one of them) selfconsistently. If cZ
denotes the respective concentrations of the constituents 4 and B in layer p then in terms of the
(inhomogeneous) CPA for layered systems, see the previous section, AE, is given by

N
AE, =" " cPAED, Y cl=1, (126)
p=1 a=4,B o=A4,B
where the
&F
AEP = / (nP(%,¢) — n?(%o,¢))(e — er)de , (127)
ép

refer to component- and layer-resolved contributions to the grand-potential at T=0. In Eq. (127)
the n}(%,¢) are component and layer projected DOS’s corresponding to magnetic configuration
%, ¢, denotes the bottom of the valence band and er is the Fermi energy of the (nonmagnetic)
substrate serving as electron reservoir. Only in the case that Egs. (126)—(127) are used for bulk
systems (three-dimensional translational invariance) the Fermi energy becomes configuration de-
pendent. If the substrate (two-dimensional invariance) is magnetic then ¢r simply refers to the
chosen magnetic configuration in the substrate, e.g., in-plane or perpendicular to the surface, and
remains constant upon deposition of other materials. The energy integral in Eq. (127) is usu-
ally performed in the upper half of the complex plane using a contour starting at & and ending
at er.

Note that because of the definition given in Eq. (125) this implies the following energetic order
of magnetic configurations

(128)

y > 0; — ¥;preferred configuration
E, =
< 0; — %o;preferred configuration

The numerical advantage of using grand-potentials is that (1) they can be calculated very accurately
and (2) only differences of reasonably small numbers have to be taken. The error made by evaluating
just one magnetic configuration selfconsistently is usually of the order of 3-5%, see [23].

The example displayed in Fig. 1 shows inter alia that ¥ in Eq. (125) not necessarily is restricted
to the “antiferromagnetic” configuration. In this example [23]—the interlayer exchange coupling in
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Fig. 1. Antiferromagnetic (top) and perpendicular (bottom) interlayer exchange coupling energy in bcc-Fe(100)/
FesCr,Fes/Vac. From Ref. [23].

a particular Fe/Cr/Fe trilayer—one can see quite impressively not only two kinds of periods, namely
a short and a long period, but also the “phase slip” famous for this system.

4.2. Magnetic anisotropy energy (E,)

Let ¢ and %, refer to a uniform in-plane and a uniform perpendicular to the planes of atoms
orientation of the magnetization, respectively. The magnetic anisotropy energy F, is then given as
a sum of two contributions, the so-called band energy part (4E;) defined by Eq. (125), and the
magnetic dipole—dipole interaction (4E,,), frequently also called shape anisotropy,

E,=AE, + AE,; , (129)

AEqq = Eqa(€) — Eqa(%0) - (130)
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The (classical) magnetostatic dipole—dipole interaction energy for a given magnetic configuration
% appearing in this context is defined (in atomic Rydberg units) by

(R, — R; (R, — R;
Egu(%) = = Z { Rj|3 _3 [m; - ( |Rj)1[rl:j|5( j)]} ’ (131)
i, J5i#]

where the magnetic moments m; corresponding to € are located at sites R; and c¢ is the speed
of light. In the presence of two-dimensional translational symmetry (R; = R; | + R, R;j € %)
Eq. (131) can be evaluated [16] very efficiently using Ewald’s summation technique.

4.3. Disordered systems

In terms of the inhomogeneous CPA for layerwise, binary substitutionally disordered systems the
magnetic moments arising from the constituents have to be weighted with their respective concen-
trations such that to each site in a given layer p a uniform magnetic moment applies,

m,) =) cm} (132)
o
where () denotes an average over statistical configurations [16] and m, refers to the magnetic moment
of component o in layer p. It should be noted that by using the above averaged magnetic moments
in Eq. (131), one in fact neglects vertex corrections of the kind (m;m;) — (m;)(m;), i # ;.

5. The Kubo-Greenwood equation

Suppose the diagonal elements of the electrical conductivity tensor of a disordered system, namely
o 1s calculated using the Kubo—Greenwood formula [2,5,6]:

= Qm <ZJ,5,1J,¢;15(8F — £,)0(er — g,,)> . (133)

m,n

In this equation u € {x, y,z}, Ny is the number of atoms, J* is a representation of the y-th component
of the current operator,

Ju=Amts Sam = (nlJulm) (134)

n

¢r is the Fermi energy, |m) an eigenstate of a particular configuration of the random system under
consideration, @, the atomic volume, and (- - -) denotes an average over configurations. Eq. (133) can
be reformulated in terms of the imaginary part of the (one-particle) Green’s function G(z),z=¢+ 10,
see Eq. (51),

O = g 1uIm G (er)Ju Im G*(er)) (135)

or, by using “up-" and “down-" side limits, see Eq. (50), this equation can be rewritten [19,24] as

Oy = i{5uu(8+=3+) + Guu(e7,67) — Guu(e,67) — Gu(e M)}, (136)
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where ¢ =¢p +10, e =¢r —19; 0 — 0, and

Gunler,62) = — tr(J,G(e1),G(e2)); e=¢5 i=12. (137)

TENOQat

The actual form of the off-diagonal elements of the conductivity tensor is slightly more complicated,
see, e.g., Refs. [6,8,25], however, for the present purpose they are of little interest.

5.1. Current matrices

Let J:(el,sz) denote the angular momentum representation of the uth component of the current
operator according to component « = A4, B in a particular site 7. Using a non-relativistic formulation
for the current operator, namely J = (efi/im)V, the elements of J:(El,{‘lz) are given by [19]

. h ‘ 0
Jian(Er1,82) = < / Zi(re) — Zh(r,e) &y, A= (¢(m) (138)
’ m i Jws 0ri
while within a relativistic formulation for the current operator, namely J = ec a, one gets
TianGore) =ec [ ZEa)nZima & A= 0. (139
ws

In Egs. (138) and (139) the functions Z%(r;,z) are the usual (regular) scattering solutions [16,17]
introduced earlier in Eq. (59).

5.2. Conductivity in real space for a finite number of scatterers

If no translational symmetry at all is present then in principle one has to sum over all sites in
the system including leads, contacts, etc., i.e., a typical contribution to the conductivity is given by
[19,26]

No
G Ciener) =Y 61 (Cren.e0) (140)

ij=1
5Zﬂ((g; £1,8) = (w/No)tr(J;;(sz,a] )t (e )Jﬁ(sl, &)t (22)) , (141)
where w = —(4m?*/h*nQy,), Ny is the total number of scattering sites in the system, i.e., is of the

order of 10> and the 7¥(¢) refer to the scattering path operator defined in the previous section. As
such a procedure is numerically not accessible one can define the following quantity

GG er,em) =Y 60 (561,8) (142)

i,j=1

with n being the number of sites in a chosen region (“cluster”). This implies, however, that the
convergence properties of 6,,(¢1,¢;n) with respect to n have to be investigated. It should be noted
that in order to specify the magnetic configuration % the orientations of the magnetization in all
sites of the chosen region has to be given.
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Clearly enough the most useful test cases for the reliability of a “real space” approach are those
where the answer is known, namely for pure (bulk) metals or binary bulk substitutional alloys.

If i = 0 refers to the (chosen) site at the origin of a cluster and R,; denotes the distance vector
to the jth neighboring site, then Eq. (142) can be also written as

G Cen o)=Y G(%a1,6) . (143)

IRoj|<r

In the case of a planar cluster, r, the “size of the cluster”, is the radius of a circle within all sites
are encountered for; in a similar sense, in the case of a three-dimensional cluster, r refers to the
radius of a sphere. In the case of a bulk system (infinite system) the corresponding contribution to
the conductivity is then given by

Gu(€se1,6) = lim 6,,(%;e1,e57) . (144)
r—00

It should be noted that the Coherent Potential Approximation (CPA) can only be used in a “real
space” approach when attempting to describe the properties of bulk systems or in describing finite
clusters embedded properly in a statistically disordered substrate such as e.g. magnetic nanostructures
on alloy surfaces.

5.3. Two-dimensional translational symmetry

Assuming that (one and the same) two-dimensional invariance applies in all layers under consider-
ation, for a particular magnetic configuration %, see also Eq. (43), a typical contribution 6,,(%; &1, &)
reduces to a double sum over all atomic layers (n) [19] considered in the intermediate region,
see Eq. (92),

n

0u(C; 1, 625n) = Z Ghi(Cser,e05m) (145)
pg=1
Fr(Crerenm)=wi > (P e o)t (e Y (61, 82)1 P (e)) o (146)
JEIL®)

where p0 specifies the origin of the two-dimensional lattice L®) in the pth layer and I(L®)) simply
refers to the set of indices corresponding to L?). The lattice sum in Eq. (146) can then be evaluated in
terms of a two-dimensional lattice Fourier transformation [19]. This implies [18], however, as already
said, that in all atomic layers (including the substrate layers) one and the same two-dimensional
translational invariance applies.

5.3.1. Vertex corrections for the average of the product of two single-particle Green's functions
In the case of interdiffused interfaces and spacers, or substitutionally disordered alloys serv-

ing as leads, configurational averages have to be performed. Consider a typical contribution in

Eq. (146). In principle the average over the occurring products can be formulated as a product of
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averages
(2,00 (20) T (61, £2)T9 7 (62))
= (JP(e2, &1t (e1))(1 — QI (e1,82)T9 7 (&3)) (147)
Omitting the so-called vertex corrections €2, i.e., in using 2 =0, one gets
(P (e2,0)T7 Y (e1) Y (61, 82)19 7 (e2))
= e, e0) (T (e1)) S (1, 82)(t P (e2)) (148)
since because of (two-dimensional) translational invariance
P (e2,80)) = I (2, 81) - (149)

In order to average expressions of the type (t7"%(¢)) usually the Coherent Potential Approximation
(CPA) introduced earlier, see Eqgs. (105)—(121), is used. One then obtains [19] for the layer-diagonal
terms

Gr(ere)=w Y A {trT0(es, 81 )Tl (e1) TP (61, e2)TlP (£2)]
a=A,B

— Y BT (e, 60T (eI (a1, 62)T P (2)]} (150)
B=A,B

and the layer-off-diagonal terms as

Gi(e1,62)

=(w/nQspz) Y et [ / TP (e, 60)T0(K, )% (61, 82787 (k, &2) Ak | (151)
o,f=A,B
JP(e2,61) = D2P(&2) I P*(e2,81)DE(81) (152)

where the matrices D’ (e;) are defined in Eq. (114) and the symbol ¢ indicates a transposed matrix.
Note that in Eq. (151) use has been made of a two-dimensional lattice Fourier transformation: Qggz
is the unit area (“volume™) in the surface Brillouin zone.

5.3.2. Boundary conditions

Although the summation within the layers is now exact, convergence properties with respect to
n, the number of layers, have to be considered. In viewing » as a parameter the conductivity tensor
elements for a layered system are then given by

1 n
O G3m) = Y obi(%:n) , (153)
pq=1
1 2
GRS DG R GEREDR (154)

i,j=1
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Boundary conditions with respect to n shall be discussed separately for the geometries corresponding
to a current-in-plane (CIP) and a current perpendicular to the planes (CPP) of atoms. These boundary
conditions are very much related to a quite general problem in dealing with physical properties of
solid systems of reduced dimensions.

5.4. The question of the characteristic volume

Already from the two cases discussed above it is clear that only in the so-called bulk case
(three-dimensional periodicity) there exists a well-defined characteristic volume ¥ per which intrinsic
properties have to be expressed:

Vo “unit volume” for bulk:
Vo volume of unit cell
nLAy  “unit volume” for multilayers:
V= _ _ . . (155)
Ay unit area, L interlayer distance, n number of layers

nVy “unit volume” for nanostructures:

L n number of sites, V, atomic volume

In the case of multilayers (two-dimensional translational invariance) or clusters (real space) the
characteristic volume is simple that volume per which the physical property under consideration
becomes a constant, i.e., depends no longer on the inclusion of additional sites or planes of atoms.
It should be noted that only in the case of three-dimensional periodicity (infinite) systems the
characteristic volume for transport coincides with the volume of the unit cell. Clearly enough, for
all other cases n, the number of sites or atomic planes, has to become sufficiently large such that
the electric properties under consideration can be considered as an “intrinsic quantity”. The question
of the “characteristic volume” is not just of academic kind: it is essential to specify in multilayers
or heterostructures “per what” electric properties are measured.

5.4.1. The “fiction” of bulk values

Usually not very much thought is given to the concept of “bulk” values for the conductivity or
the resistivity of a particular system. One has to realize, however, that any kind of measurement
is always performed from the “outside”, i.e., that any electric measurement is with respect to a
solid with a surface. Experimental investigations therefore very often vary the thickness of a given
system and record e.g. the resistivity as a function of this thickness, see for example Ref. [27].
The extrapolation of the thus obtained data points to infinite thickness is then referred to as the
“bulk value”. Obviously such extrapolations rely on models and/or fitting parameters and give rise
to fitting errors. It is useful to recall occasionally that “hard fact bulk values” refer to an asymptotic
case, namely to a fictitious experimental situation! In other words: the above posed question of the
characteristic volume applies even when bulk-like systems are thought to be measured or theoretically
described.
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6. Current-in-plane (CIP)

For computational reasons it is necessary, but also advantageous to perform the side limits, see
Eqgs. (49) and (136), at the latest possible stage and evaluate the elements of the conductivity tensor
for finite imaginary values ¢ of a complex Fermi energy &r=¢r+19. In the case of a current-in-plane
geometry the resistivity for a layered system with surface normal along the z-axis, is then simply
given [28] by

Prc(m; € ) = lim p(n;€,%50),  prcl(n; €,%50) = 1/o(n; €,%30) (156)
where as should be recalled # is the total number of atomic layers considered and in general ¢ refers

to the layer-wise concentrations of species 4 and B in an inhomogeneous binary alloy. The giant
magnetoresistance ratio (GMR) is defined in the so-called “pessimistic view” by

Prx(1;€;6) — prc(n;c; 60)

GMR = , 157
Pr(n; €5 C) (57
and in the “optimistic view” by
(75 €, C)— (725 €5 ©
GMR — Pu1€%) — pu(n; € o) ’ (158)

pxx(n1;€¢;60)
where %, refers to the chosen reference (ferromagnetic) configuration and % to a given (antiferromag-
netic) configuration, see also the section on magnetic configurations. In here mostly the “pessimistic
definition” will be used, since then the GMR is bounded by one, i.e., can reach only a maximum
of 100%.
Very often the exact value of the GMR is not so much of interest (e.g., because of experimental
ambiguities caused by sample preparation) and one can simply use also the following “estimate”

Pr(15 €565 0) — prx(n; €;60; )
Prx(11; €, %5 0) ’

GMR(5) = (159)

since
GMR(9) < GMR . (160)

As easily can be seen from Eq. (156) the resistivity depends on n,¢ and %, i.e., on the number
of atomic layers taken into account (boundary conditions), on the actual composition in each atomic
layer and on the magnetic configuration. The latter is in particular important if anisotropic effects
occur or more than one antiferromagnetic configuration has to be considered.

6.1. Boundary conditions

The effect of boundary conditions can be seen directly from a three-dimensional view of the
0(€;n; ) as displayed in Fig. 2 for a Co/Cu/Co spin valve consisting of 36 atomic layers, or, in
terms of layer-diagonal conductivities o’ (% n;d),

ol (Gm8) = dl(%;n;0) (161)

J=1
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Fig. 2. Layer-resolved contributions to the conductivity, 6 = 2 mry, of a model spin valve structure with reflecting
(vacuum/Coi,Cui2Coi2/Vac; top) and outgoing (Co(100)/Coi2Cui2Co12/Co(100; bottom)) boundary conditions. From
Ref. [28].

as shown in Fig. 3, considering different boundary conditions. Particular attention should be paid to
the endpoints in these figures, since there in the case of reflecting boundary conditions sizeable peaks
show up. From these two figures it is quite obvious that it is very important to describe exactly the
system under consideration before attempting to compare to experimental values or make predictions.
A reflecting boundary condition always occurs at the surface of a solid system; an outgoing boundary
condition is necessary to describe a semi-infinite system, which in turn determines the Fermi energy
and acts as an electron reservoir (metallic substrate).

6.2. Complex Fermi energies

However, before commenting further on the physical significance of these boundary conditions, the
importance of the other—more computational—parameter, namely the imaginary part of the complex
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Fig. 3. Layer-diagonal conductivities o’,, see Eq. (161), § = 2 mry, of a model spin valve structure with reflect-
ing (vacuum/Co;,Cu;2,Coi2/Vac; open squares) and outgoing (Co(100)/Co12Cu;2Co12/Co(100; full circles)) boundary
conditions. From Ref. [28].

Fermi energy, &F, has to be illustrated. In Fig. 4 the condition
Pux(n; €)= %Hr(l) Pax(n; C 5) > (162)

is performed for 36 layers of Fe embedded properly in bce-Fe(100) by continuing py.(n;%;0)
numerically to the real axis. As can be seen p,.(n;%;J) can be fitted linearly quite accurately with
respect to the imaginary part of the Fermi energy. The magnetic configuration in this particular case
is ferromagnetic with the orientation of the magnetization pointing along the surface normal.

6.3. Bulk values

Suppose now one is interested in mimicking experimental measurements of “bulk” values by
evaluating the resistivity as a function of »n such as shown in Fig. 5 for permalloy (Fe.Ni;_.) and
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Fig. 4. Numerical continuation of p.(%;0) for the system bcc-Fe(100)/Fess/Fe(100) to the real energy axis. The
parameters for the linear fitting (dashed line) are shown in a box.

by performing the limiting procedure
Pxe(c; €)= lim pe(n;c;6) , (163)
n—oo

numerically. As can be seen in Fig. 6 the values (“residual resistivities”) extrapolated to an infinite
system fit quite well available experimental low temperature “bulk” values. In comparison with the
experimental data in Fig. 7 (Fig. 1 of the section on Ni.Fe;_. in Ref. [27]) even the onset of the
Martensitic phase transformation from bcc to fcc can be read off. From Fig. 7 it is evident that
by lowering the temperature the electrical resistivity becomes increasingly sensitive to the structural
phase transition from bcc to fcc; at the temperature of liquid nitrogen (—195°C, the lowest isothermal
curve displayed) in the Fe-rich bce a-phase the resistivity reaches a maximum at about 15% of Ni
and then slowly decreases up to 30% of Ni, whereas in the Ni-rich fcc y-phase the resistivity starts
to grow below 50% of Ni and seems to diverge near the critical concentration for the structural
phase transition.

From the above performed limiting procedures one has to conclude that only

pu(€) = lim_1im p.o(n;%:6) , (164)
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Fig. 5. Thickness dependence of the current-in-plane resistivity in bec (a) and fec (b) NicFei—(100)/(NicFei—c)./
NicFei—.(100) alloys. The Ni concentration in % is indicated explicitly, n denotes the number of layers considered. From
Ref. [29].

corresponds to an “intrinsic” property. Only by taking # to infinity (practically to a sufficiently large
number) the influence of the boundary conditions such as the presence of a surface becomes irrele-
vant. The question of the characteristic volume posed earlier seems therefore to be more important
than perhaps usually envisaged.

6.4. Interdiffusion at interfaces

In realistic systems, in particular in those used as GMR devices, frequently interdiffusion at the
interfaces occurs. Interdiffusion implies that from the two kinds of materials (metals) joined up at
an interface one diffuses into the other one and vice versa. Taking as an example a Co/Cu interface
then—depending very much on the growth conditions—there will be finite concentrations of Co in
interface near atomic layers of Cu and Cu diffuses into Co. A two layer interdiffusion means that the
atomic layers [Co.Cu;_.] and [Cu.Co;_.] are neighboring layers at the interface; all other atomic
layers are “pure”, i.e., are either Co or Cu.
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Fig. 7. Reproduction of Fig. 1 of the section on Ni.Fe;_. in Ref. [27] showing temperature dependent resistivities in
this system. Note the change in resistivities close to the structural phase transition at about 35% Ni as the temperature
decreases.

Very often the actual concentration profiles of interdiffusion are not known and have to be as-
sumed parametrically. The effect of interdiffusion on the resistivity and the GMR (outgoing boundary
conditions) is shown in Fig. 9 for a Co/Cu/Co trilayer, the various concentration profiles assumed
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in these calculations are summarized in Fig. 8. As can be seen up to an interdiffusion concentra-
tion of about 15% the GMR is almost independent of the shape of the concentration profile. Much
broader interdiffusion profiles and larger interdiffusion concentrations, however, can reduce the GMR
substantially.

6.5. Alloying in the spacer

Not only interdiffusion at interfaces has drastic effects on the resistivities and in turn on the GMR,
also (homogeneous) alloying in the spacer can produce wanted or unwanted effects. In Fig. 10
the spacer part in Co(100)/Co;,Cu;; Cojp/Co(100) is alloyed homogeneously with various metals.
From this figure it is evident that even in small concentrations certain admixtures such as for example
Ti can whip out the GMR completely or reduce the effect drastically. Alloying the Cu spacer with
Ag, on the other hand, increases slightly the GMR.
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6.6. CIP-GMR in realistic spin valve systems

6.6.1. “Dips” in the GMR

By varying the thickness of the spacer material “dips” in the GMR can occur. This is for example
the case in the experimental sample of Ref. [30]. Underlayer [S5A]| NiFe[10A]| CoFe[xA] | Cu[yA]|
CoFe[xA] |Ru[4A]| CoFe[xA]|IrMn[70A]| Overlayer [S5A] that was grown on 3000A of SiO, and
covered by a thick cap of Ta (overlayer). Theoretically this system was modelled [31] by considering
the permalloy (NiFe) slab as substrate and replacing the artificial antiferromagnetic part consisting of
IrMn layers and the overlayer by vacuum. In order to sort out the effect of the thickness of the Cu
spacer, of the Ru spacer, and of the slabs of the hard magnets, four partial systems were considered
(systems A-D, see Table 1) with system D reflecting closely the experimental sample.

As can be seen from Fig. 11 the pronounced “dip” observed experimentally at about 10A is
caused by a node in the oscillations of the IEC with respect to the Cu spacer thickness; a node that



P. Weinberger | Physics Reports 377 (2003) 281-387 317

rrrrrrrrr 11111 11T

521 +Ti T
— 44 .
s | PR pp e
Q
< 36t .
2
2 281 .
@ antiparallel O
= ook parallel o )
+Ag
""""""""""""" ®--_o0e
12 C ) NS N I Y A S I A | ]
0 25 50 75 100
(a) alloying concentration [%]

rTr 1T rrrrr T 1T T 1T 1T 1T 1T T T 17T

GMR [%]

) NN T N Y Y S S v |

0 25 50 75 100
(b) alloying concentration [%]
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occurs in both partial systems, A and B, i.e., a thin Ru cap (partial system B) does not change the
position of the “dip” in the GMR, although the actual value of the GMR at this spacer thickness is
modified.

6.6.2. Oscillations with respect to the thickness of the magnetic slabs

When varying the thickness of one of the magnetic slabs (partial system C, see Table 1) oscil-
lations in the corresponding IEC and the GMR can be traced, see Fig. 12. Since the IEC remains
negative (antiferromagnetic coupling) the dip in the GMR at 10A of Cu still occurs but the GMR is
again modified in size. In this particular case the oscillations in the IEC with respect to the thickness
of the relevant Co slab are mapped remarkably well in the corresponding oscillations of the GMR.
From theoretical IEC studies it is well-known that by varying the thickness of one (or both) of
the magnetic slabs, and by varying the thickness of the cap, which is usually deposited in order
to protect the surface, additional oscillations set in Fig. 12 confirms therefore the experience made
before considering the IEC only.
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Table 1
NigoFez0/CogoFer0/Cu/CogoFeoRu partial systems
System A System B
Thickness fec(111) Thickness fee(111)
(ML) (ML)
o0 NigoFezo o0 NigoFezo
6 NigoFezo 6 NiguFezo
5 COgoFelo 5 COgoFelo
2<n<12 Cu 2<n<12 Cu
5 C09()Fe]() 5 C090Few
Vacuum 2 Ru
Vacuum
System C System D
Thickness fee(111) Thickness fee(111)
(ML) (ML)
o0 NigoFezo o0 NigoFezo
6 NigoFezo 6 NigoFezo
5 C090Fe10 5 C090F€10
5 Cu 5 Cu
5<m<12 CogoFero 5 CogoFero
Vacuum 1< p<8 Ru
5 C090F€10
Vacuum

6.6.3. The question of the “correct” antiferromagnetic configuration

Considering finally the electric properties of partial system D, see Table 1, namely the one that
resembles most closely the experimental situation, one has to realize that in the presence of three
magnetic slabs the question of the appropriate antiferromagnetic configuration arises. In Table 2
possible magnetic configurations of this system are listed, including also a non-collinear one. In this
table the angle @ refers to a rotation around an axis perpendicular to the surface normal; ® = 0
specifies the case that in the respective atomic layer (row) the orientation of the magnetization is
parallel to the surface normal, & = 180 corresponds to an antiparallel alignment; n refers to the
number of Cu spacer layers, p to the number of Ru spacer layers. In order to understand Table 2
correctly it is important to recall that both spacers, Cu and Ru, carry (very) small induced magnetic
moments (less than 0.1ug in the vicinity of an interface to Co), the directions of which have to be
specified in a proper definition of magnetic configurations. These induced magnetic moments vanish
eventually in the middle of sufficiently thick spacers.

In Fig. 13 the IEC for the collinear configurations in Table 2 is shown with respect to the
thickness of the Ru spacer. From this figure it is evident that typical oscillations with respect to
the Ru spacer thickness arise only considering configurations 1 and 2 in Table 2. However, as
Fig. 14 shows, these two configurations are not always the energetically lowest antiferromagnetic
configurations. In fact, the corresponding resistivities and magnetoresistances show quite different
behavior when compared to each other, see Fig. 14. It needs indeed Fig. 14 to sort out what is
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the most likely antiferromagnetic configuration to be used in order to calculate the actual magneto-
resistance.

At the experimental Ru spacer thickness of 4A and a Cu spacer thickness of 10A configuration 3
in Table 2 applies, the corresponding theoretical GMR of about 5%, displayed in Fig. 15, compares
then quite favorably with the experimental one of about 7%, see the inset in Fig. 11. It should be
noted from Fig. 15 that the GMR for the other magnetic configurations, namely configurations 0 and
1, which do not correspond to the lowest IEC, is quite a bit higher in value and varies differently
in shape with the number of Ru spacer layers.
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Magnetic configurations investigated in partial system D. The labels 0 and 180 refer to orientations of the magnetization

parallel and antiparallel to the surface normal

Layer 0 2 3 4 5
NigoFezo 0 0 0 0 0 0
(C090F610)5 0 0 0 0 0 0
(Cu)ii < n/2 0 0 0 0 0 0
(Cu)i,i = n/2 0 0 180 0 180 2]
(CogoFeio)s 0 180 180 180 180 (2]
(Ru)i,i < p/2 0 180 180 180 180 2)
(Ru)ii = p/2 0 0 0 180 180 0
(CogoFeio)s 0 0 0 180 180 0
Vac 0 0 0 180 180 0

IEC [meV]

50

40 ~

v
T

Ferromagnetic coupling

Antiferromagnetic coupling

T
0 2

T T T 7 T 7T
4 6 8 10 12 14 16 18 20
Ru spacer thickness [A]

Fig. 13. IEC of partial system D, see Table 1, with respect to the thickness of the Ru spacer. Full squares and triangles
refer to the IEC’s corresponding to configurations 1 and 2 in Table 2, open triangles and diamonds to configurations 3
and 4. Note that the thickness of the Ru spacer is given in [A], 1 ML corresponds to about 2 A. From Ref. [31].

6.6.4. Rotational behavior of the GMR
In Fig. 16 the orientation of the magnetization is rotated (rotation angle @ around an axis n
perpendicular to the surface normal) in finite steps from 0° (configuration 0; ferromagnetic
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configuration) to 180° (configuration 2), see also configuration 5 in Table 2. It should be recalled
that a function f(i, @) can be fitted in terms of the following expansion:
o
S(8,0)=f(8,0)+ ) an(i)(1 — cos” ©) , (165)
m=1
whereby usually two important cases can be distinguished, namely (1) a;(A)> a(11) and (2) |a;(0)| ~
|a2(ﬁ)|
In Fig. 16 the functional form of the IEC, the resistivities and the GMR of configuration 5
(Table 2) is depicted for two systems of type D, see also Table 1, namely for two and four ML
of Ru, the parameters a;(n) and a,(n) for these two cases are listed in Table 3. While the IEC
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given in [A], 1 ML corresponds to about 2 A. From Ref. [31].

for both cases mostly shows a (1 — cos(®)) like behavior, the resistivity as well as the GMR do
exhibit considerable deviations from this form: there is a well-pronounced shoulder at 90°. It should
be noted that for matters of comparison in both cases (two and four ML of Ru) one and the same
type of “switching” is shown although only for four ML of Ru configuration 2 is the (collinear)
antiparallel ground state configuration. Fig. 16 proves that the actual “switching process” to be seen
in the resistivities or in the GMR can be quite different from that in the IEC.

6.6.5. Leads as yet another kind of boundary condition

Finally the question of a comparison of calculated resistivities and the GMR values with corre-
sponding experimental data in a well-characterized layered system has to be addressed, since the
fact that in the limit of bulk systems the theoretical description seems to be quite appropriate not
necessarily implies that this is also the case for spin valve type systems.
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Table 3

Expansion coefficients related to magnetic configuration 2

325

Property m=2

aj

ar aj

IEC [meV] 14.932
Pxx [1€2.cm] 0.366
CIP-MR [%] 5.80

—0.388 —6.681
—0.096 0.340
—1.86 5.27

0.998
—-0.127
—2.22
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Fig. 17. Experimental field and temperature dependent resistivities (top) and temperature dependent giant magnetoresistance

(bottom). From Ref. [32].
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Table 4
The Fe/Au/Fe/Au spinvalve-investigated systems

System A System B System C
2 ML interdiffusion at 2 ML interdiffusion at 2 ML interdiffusion at
two Fe/Au interfaces all Fe/Au interfaces all Fe/Au interfaces
bee-Fe(100) bee-Fe(100) fcc-Au(100)
Fen Fen AU5
[Fe;Au;—.] [FecAui—.] [AucFe;—.]
[AucFe;_.] [AucFe;_.] [FecAui—]
Au5 Au5 Feg
[AucFe;—.] [AucFe;—.] [Fe;Au;—.]
[FecAui—] [AucFe;_.] [AucFe;_.]
Feg Fes AU5
Aus [FecAu;—.] [AucFe;—.]
vac [AucFe;_.] [FecAui—]

Auy Feio

vac vac

In Fig. 17 the experimentally recorded resistivities and the GMR for the system Au,oFejgAu,Fess/
GaAs(100) [32] are shown. Since in this system the left Au and the right Fe slab are quite thick
and the GaAs substrate can be replaced by a vacuum barrier, the question arises which of the two
slabs can be considered as the electron reservoir, i.e., can be assumed to be the semi-infinite system
that determines the Fermi energy. Therefore both (theoretically) limiting cases were investigated
[32], namely a bee-Fe(100) substrate and a fcc-Au(100) substrate considering also interdiffusion at
the Fe/Au interfaces, see in particular Table 4. The corresponding theoretical values for the various
systems listed in this table are displayed in Fig. 18 versus the interdiffusion concentration. As can
be seen systems A and B (Fe substrate) differ considerably from system C (Au substrate). Since in
experiment the contacts were placed on the Au parts of the system, only system C reproduces the
experimental situation realistically: the thick Au slab refers to the experimental leads. Comparing
now the calculated resistivities with the measured ones, it turns out that the former are only by
factor of about four smaller, whereas the GMR value agrees remarkably well with experiment. The
overall agreement with the experimental data is therefore quite good, taking into account that in both
cases absolute numbers are compared with and not values extrapolated to the limiting case of a bulk
system. Furthermore, Fig. 18 confirms that in the experimental measurements indeed surprisingly
clean interfaces were present.

Using layer-diagonal conductivities, see Eq. (161), the layer-resolved difference between the anti-
ferromagnetic and the ferromagnetic configurations reveals that the GMR effect is mostly due to the
Fe slabs, the biggest contribution to the total difference arising from the Fe/Au interfaces, see Fig. 19.

6.7. References to fully relativistic ab initio CIP calculations
In Table 5 references are given to those studies in which the fully relativistic, spin-polarized

Kubo-Greenwood equation in the context of the screened Korringa-Kohn-Rostoker method was
applied.
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Table 5

References to CIP calculations using the fully relativistic versions of SKKR-method and the Kubo—Greenwood equation

System

Reference

Cu/Ni repeats
Fe/Au/Fe

Co/Cu/Co

Fe/Cr/Fe

Ni.Fe|_. spin valves
exchange bias
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7. Current-perpendicular to the planes of atoms (CPP)

Suppose z and z’ denote continuous coordinate variables perpendicular to the planes of atoms in a
multilayer system (two-dimensional translationally invariant system). As the current is independent
of z in the steady state one can write the resistivity in the current-perpendicular to the planes of
atoms geometry (CPP) as [36-39]

1
pcpp = L/p(z,z’)dzdz’ , (166)
where p(z,z') is the inverse of a(z,z’) as defined by

/O'(Z, Np(Z",2)dz" =6(z - 2') , (167)
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and L is the overall length of the structure for which the conductivity is calculated. The sheet
resistance » and resistance R are then defined by the following relations:

V:AR:LpCPp:/p(Z,Z/)dZdZ/ , (168)

where 4 is the unit area.

In the following the conductivity tensor o(z,z’) as defined in Eq. (167) is mapped [40] (f :) onto
the zz-components of the conductivity tensor for a layered system [19], o¥(n) = 6(n), i,j = 1,n,
with 7 and j denoting planes of atoms,

fra(z2") = ay(n) , (169)
such that the algebraic structure established by Eq. (167) is conserved,

> pi(m)oig(n) = d; . (170)
k=1

Clearly enough the sheet resistance » in Eq. (168) then serves as measure (g :) for the mapp-
ing f,

g:ir—rn), r(n)=Y_ pyn), (171)

i,j=1

since according to the Cauchy convergence criterion the integral in Eq. (168) can be replaced by a
sum, i.e., by r(n), if and only if,

r— lim r(n)| <4, neNT, (172)
or,
lr(n+m)—r(n)| <4, nmeNT' (173)

where A is an infinitesimal small number.

7.1. Complex Fermi energies

As already said, because of computational reasons (k-space integrations, surface Green’s function,
etc.) it is extremely useful to evaluate the elements of the o;(n) matrix using a small imaginary
part 0 to the Fermi energy. The sheet resistance for a given magnetic configuration % is then
defined by

r(%;n) = limr(%;n;0) (174)

where

H(Gm8) =Y pi(€;n;0) , (175)

i.j=1
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and

> 0 Gm;8)01(%5m58) = S5 (176)
k=1

As the sheet resistance (%;n;0) depends on both the number of layers » and the imaginary part
of the Fermi energy ¢ in following first the functional properties of »(C;n; d) with respect to these
two parameters are investigated [40].

7.2. Layer-dependence:

In principle, for a large enough n (n = ng) and (because of) a given imaginary part 0 of the
complex Fermi energy ¢r + i, the sheet resistance r(%;n; ) can be thought [40] to vary linearly
with n,

r(€;n+m;0) —r(%;n;0)

k(% 8) = - . mneNT, (177)

i.e., the following relation can be assumed
r(6;n;0)=ro(€;0)+ nki(¢;9) , (178)

with 7o(%;0) being the value of the linear form defined by Eq. (177) at n = 0. In a typical
trilayer system of the type Fe(100)/Fe, X Fe,/Fe(100), n=2p + s, i.e., for a given value of
s of spacer layers, the number of lead layers (Fe) serving as buffer to the semi-infinite system has
to be sufficiently large in order to reach the linear regime defined by Eq. (178).

7.3. Dependence on the imaginary part of the Fermi energy

Investigating now for a given value of n the dependence of »(%;n; o) with respect to ¢ one finds
that #(%;n,d) also varies linearly [40] in o:

k(@) = L T(E373.92) — (%3 m01)

. 7 , A=0,—9;, (179)

1e.,
r(€;n;0) =ry(€;n) + nok,(€;n) , (180)

where as will become clear in a moment the constant k>(%;n) is chosen to be normalized per
layer.
Combining finally Eq. (178) with Eq. (180), one gets [40]

ro(%;0) =ro(€;n) +nd(d) , (181)
where

B(5) = 0kx(; 1) — ki(G;3) . (182)
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By taking the limit of § — 0 it is easy to see that demanding
ro(€;m) = lim ro(%:9) , (183)
0—>
in turn implies that
lin})kl((g;é):O , (184)
0—>
since 0k,(%;n) trivially vanishes for 6 — 0.

Although at the present stage Eqgs. (179)—(184) appear to be just a formal trick, it will turn out
in the section on the tunneling magnetoresistance that the slope with respect to the imaginary part
of the Fermi energy can be used as a qualitative criterion for the occurrence of tunneling.

7.4. Resistivity and boundary condition at n— oo
From Egs. (178) and (183) follows that for n > ng, where n, is as sufficiently large number,

1irr(1)r((€;n+m;5):ro(‘€;n)Ero(‘g); mneNT | (185)
0—>

which, however, is nothing but the Cauchy convergence criterion for the sheet resistance demanded
in Eq. (173):

1in}) [F(€;n+m;0) —r(€;n;0)]=0;, mneNT, n>=ng. (186)
00—

Quite clearly since ro(%) is a constant for a pure metal by performing the limit » — oo this leads
to a correct resistivity pcpp(%),

”0((5)] @) 1

=0, (187)

L d n—oon

pcep(€) = nlglolo [

where d is the interplanar distance.
For a substitutionally disordered alloy »(%;n;d) has to vary with respect to »n in the following
manner, see also Eq. (178),

1€ n;8) = ro(6;0) + n(ki(6;0) + k1(%;6)), n=no, (188)
where

151((5)2(%21})/51((5;5) ; (189)

simply is the resistivity caused by disorder. In general pcpp(%) is therefore given by

pcrp(6) = é lim {hm ’W} .

0 | n—oo n

(190)
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7.5. CPP-magnetoresistance ratio

The magnetoresistance ratio of the relevant part of the heterostructure with »ny lead and s spacer
layers and is defined in the “pessimistic view” by

p_ (%20 + ) — (%03 2n0 + 5) ’ (191)
r(€;2ny + )

and can—as before in the CIP case—be approximated by

r(€;2ny +5;0) — r(6o;2ny + 55 90)
R = 192
(9) r(€;2ng + s;0) ’ (192)
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where %, and ¥ refer to the reference (parallel, ) and chosen (antiparallel, ./2?) magnetic con-
figuration, respectively. As already mentioned this definition is not unique, because the difference

in the sheet resistances can also be related to the sheet resistance in the parallel configuration
(“optimistic value”).

7.6. Illustration of the fitting procedures

Fig. 20 refers to the case that n layers of Fe are embedded in bulk bce-Fe(100). Shown are the
sheet resistances 7(%;n;0) with respect to the number of embedded Fe layers, whereby % refers
to the ferromagnetic configuration along (100). In Fig. 21 the properties with respect to  are
illustrated. One easily can see that for § — 0 the slope of r(%;n;J) with respect to § goes to
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zero. The very small finite value of this slope at 6 =0 defines the remaining numerical error. Both
figures prove that in principle the sheet resistance of pure metals can be calculated sufficiently
accurately.

7.7. Magnetic multilayers and heterostructures

7.7.1. The role of the leads

The actual reason of why convergence with respect to the lead layers in a particular heterostruc-
ture (see the above remarks on the “characteristic volume” or “Cauchy convergence criterion”)
has to be investigated is based on the fact that near an interface oscillations of the layer-resolved
Madelung potentials are present, see Fig. 22. Once these oscillations become sufficiently small one
has reached the regime of pure metal lead layers. This is illustrated in Fig. 23 for the system
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bee-Fe(100)/Fe,GegFe,/Fe by inspecting the properties of »(%;¢t;0), t =2n + s, for a given value
of 5. From this figure one can see that for » > 12 a linear regime with respect to » is entered, i.e.,
in the limit of 6 — 0 for all » > 12 the very same sheet resistance is obtained. Fig. 23—the corre-
sponding plot to Fig. 20—shows the variation of the sheet resistance of bee-Fe(100)/Fe,Ge Fe,/Fe
at a given value of s and ¢ with respect to the number of lead layers (n) for the parallel and the
antiparallel magnetic configuration. For a given value of ¢ (2 mry) the GMR is varied in Fig. 24
with respect to the number of spacer layers (fixed number of lead layers) and with respect to the
number of lead layers at a fixed number of spacer layers. As can be seen in the first case the GMR
varies only little in the regime of 6 < s < 21, in the second case for n > 8 the GMR stays almost
constant. In fact in the limit of 6 — 0 and for » > 8 the GMR at a given spacer thickness would
be exactly constant.



336 P. Weinberger | Physics Reports 377 (2003) 281-387

50
]
40 '\l\.
\.
@ 30
o
= 20
10
bcc: Fe(100)/Fe, ,Ge Fe,,/Fe(100)
O T T T T T T T T T T T T T T T T T T T T
0 2 4 6 8 10 12 14 16 18 20 22
s, number of Ge layers
50
-0-0.-¢.
0990090,
40 /./ ....".'.""0-0-0-.
I
0 301
o
o 20 -
10
bce: Fe(100)/Fe Ge,Fe /Fe(100)
O T T T T T T T T T T

0 2 4 6 8 10 12 14 16 18
n, number of Fe layers

Fig. 24. Top: Variation of the magnetoresistance in bec Fe(100)/Fe2GesFe,/Fe with respect to the number of Ge layers
s. Bottom: variation of the magnetoresistance in bce Fe(100)/Fe,GeoFe,/Fe, with respect to n. In both entries 6 =2 mry.

From Ref. [40].

7.7.2. Different terminations of the spacer
In Fig. 25 the sheet resistances (extrapolated to 6 — 0) are displayed as the product of ¢ and

r(%;t) when the number of spacer layers in bee-Fe(100)/Fe,(ZnSe) Fe,/Fe is varied. This product
is approximately linear in # = 2n + s; a linear fit can therefore be used to extend the curve of the
GMR versus spacer thickness to very large spacer thicknesses. In Fig. 26 the magnetoresistance ratio
(“pessimistic value™) is plotted versus the spacer thickness (the curve corresponding to the linear
fit is shown as dashed line); as can be seen it is different for different terminations and becomes

constant for large spacer thicknesses.
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By partitioning the difference of the sheet resistances
Ar(t) =r(AP;t) — r(P;t) (193)

with respect to the magnetic configurations into contributions arising from different parts of the
heterostructure, namely the left and right electrodes (leads), Lin and Lygn, the interface regions
between electrodes and spacer, lieq and /ign, and the remaining spacer part S,

Ar(t; ) = Ary, (£ 8) + Ay, (6:8) + Ary, (6 8) + Ary

right

(¢;,0) + Ars(t;0) , (194)

right

a very informative “picture” of where the magnetoresistance comes from can be given. In the case
of bee-Fe(100)/Fe,(ZnSe);Fe,/Fe the GMR effect is almost entirely caused by the interface contri-
butions, see Fig. 27.
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7.7.3. Interdiffusion at the interfaces

Clearly enough the larger the regime of antiferromagnetic coupling, the more technically applica-
ble a certain system appears to be. However, this is not necessarily implies that the GMR follows the
same trends as the IEC. In Fig. 28 the IEC is shown for the system bce-Fe(100)/Fe,Si,Fejp/Fe(100)
as a function of the number of lead layers considering a two layer interdiffusion at the interfaces.
Note that 12 Fe layers serve again as a buffer to the semi-infinite leads in order to reach a regime
of Fe layers with no oscillations in the layer-resolved Madelung potentials. From this figure it is
evident that with increasing interdiffusion the regime of antiferromagnetic coupling grows. For the
GMR, however, interdiffusion is disastrous: as can be seen from Fig. 30 even a small interdiffusion
reduces the GMR effect drastically. As in this figure three different spacer thicknesses are shown,
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all of them characterized by the same functional behavior, the effect of interdiffusion on the GMR
seems to be independent of the number of spacer layers. If one could produce a Fe/Si/Fe trilayer
with very little or even no interdiffusion, which is difficult because of the formation of silicides at
the interfaces, the corresponding GMR would be reasonably large even for rather thick spacers, see
Figs. 29-31.

7.7.4. The role of the spacer: structural effects

Experimentally very little is known about the actual structure in the spacer parts of heterostructures.
Although it was already shown that most of the GMR effect in such structures is due to the in-
terfaces, it nevertheless is worthwhile to consider also structural aspects in the spacer. It should
be recalled that the use of two-dimensional lattice Fourier transformations, see e.g. Eq. (151),
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implies that in all layers considered (including the leads) one and the same two-dimensional trans-
lational invariance has to apply. If therefore the spacer material would correspond to a complex
two-dimensional lattice (lattice with sublattices) then the same complex two-dimensional lattice
has to apply for the leads. Unfortunately this restriction leaves only two options open, namely
either to assume a particular structure for the spacer which then has to serve for the whole sys-
tem including the leads, or, to assume that the structure of the leads applies also for the rest
of the system. The examples shown up-to-now refer to the last case. Quite clearly in reality
the structure of the leads and the spacer material is important. Structural rearrangements can oc-
cur; lattice distortions, interface interdiffusion, growth conditions (macroscopical roughness), etc.,
matter.

One can, however, simulate the effect of the structure of the spacer. In Table 6 the actual compo-
sition of three different types of Fe/Ge /Fe systems are shown, the corresponding GMR (6 =2 mry)
values are displayed in Fig. 24. For the present purpose only system C (s = 15) with ¢ =1 is of
interest, for which the corresponding GMR value amounts to about 30%. Comparing this values
with the corresponding entry for s = 15 in Fig. 24, which amounts to about 37%, it is evident
that by leaving out every second plane in the spacer the GMR is changed only moderately. This
proves indirectly that the structure of the spacer seems to be of little importance for the size of the
GMR effect.
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7.7.5. Conducting properties of the spacer material

Another question frequently posed is that of the “semi-conductor” properties of the spacer mate-
rial in systems such as e.g. Fe/Ge,/Fe. This question leads back to the problem of the character-
istic volume and the definition of the so-called bulk properties. Optical gaps in semi-conductors
are bulk properties (same value in all unit cells), which are not necessarily preserved in thin
films of the same material sandwiched by metallic leads. Even if the density-of-states in the in-
terior of rather thick “non-metallic” spacers vanishes this local gap can be of different size as
in the bulk material and surely is not uniformly characteristic for the whole system, leads
included.

7.8. References to fully relativistic ab initio CPP calculations

The previous sections were meant to illustrate the formal and numerical procedures applied when
using the Kubo—Greenwood equation for CPP-transport. Table 7 provides an overview of papers in
this direction.
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8. Tunneling magnetoresistance and the relation to a Landauer-type description of CPP-transport

In this section the question is addressed of when one ought to speak of “metallic” CPP and
when of “tunneling”. For this purpose the system bcc-Fe(100)/Fe,VacFe,/Fe(100) is considered,
i.e., a system in which two semi-infinite pieces of Fe are separated by s vacuum layers. Clearly
enough considering vacuum as spacer no questions about the structure or other properties of the
spacer arise. In Fig. 32 the changes of the layer-resolved Madelung potentials with respect to the
growing thickness of the separating vacuum are shown; in Fig. 33 for the layer-resolved sheet
resistances,

r(%;0)=) p(€:0), r(%;0)=) r(%;d), (195)

J !

corresponding to the parallel and the antiparallel magnetic configuration. Although one easily can
see from Fig. 33 that for s > 3 the sheet resistances start to grow considerably in the center of the
vacuum part, this is yet no indication that actually “tunneling” occurs. Considering the density of
states (DOS) in the central vacuum layer, when the total number of vacuum layers is varied, it turns
out that only for s > 9 the corresponding DOS at the Fermi energy (of the leads) has vanished, see
Fig. 34.



P. Weinberger | Physics Reports 377 (2003) 281-387 343

50
4] 8=12 System A -
30 A

20

R(8) [%]

0/ m—n —u—
0.5 0.6 0.7 0.8 0.9 1.0

50
4] 8=15 System B

30 -

" /

05 06 07 08 09 1.0

R(3) [%]

50
s=15 System C

40 -
30 T .
2] /
10 ./f
- =

0.5 0.6 0.7 0.8 0.9 1.0
c. concentration of Ge

R(8) [%]

Fig. 31. Calculated magnetoresistance for the three types of spacer considered, see Table 6. The number of spacer layers
is indicated, 6 =2 mry. From [40].

8.1. Exponential growth

Let us define for illustrative purposes the following auxiliary quantities for perpendicular electric
transport by restricting the summation in Eq. (145) to p=1 and ¢ = n:

2 n
= cn) — 1 k+1 . .
G=(Gim) = ,; (=1) ; 0==( 61, 61:1)511 0
2
- S (Dl ( G e esn) (196)
4 zz

k=1
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Table 6
Investigated Fe/Ge/Fe systems

System A System B System C
Homogeneous alloying Interdiffusion and ordering Alloying and ordering
bee bulk Fe bee bulk Fe bee bulk Fe
Fei Fei, Fers
Ge.Vaci_. Ge|_.Vac. Vac
Ge.Vac|_. Ge.Vac|_. Ge.Vac|_.
Ge.Vac|_. Gej_.Vac, Vac
Ge.Vaci_. Ge.Vaci_. Ge.Vac|_.
Ge.Vac_. Ge.Vac_. Ge.Vac_.
Ge.Vac|_. Gej_.Vac, Vac
Ge.Vaci_. Ge.Vaci_. Ge.Vac|_.
Ge.Vac|_. Gej_.Vac, Vac

Fepn Fenz Ferz

bee bulk Fe bee bulk Fe bee bulk Fe
Table 7

References to CPP calculations using the fully relativistic versions of the SKKR-method and the Kubo—Greenwood equation
System Reference

Fe/Ge/Fe [40,43]

Fe/ZnSe/Fe [41,43]

Fe/Si/Fe [42,45]

Fe/InP/Fe [43,44]

i.e., by considering a very simplified realization of a Landauer-type approach in terms of a two-
end-point conductivity, where the two end-points are situated well inside the leads.

In terms of this quantity now the question of the so-called exponential increase of the sheet re-
sistances can be addressed. From Fig. 35 it is evident that only ¢..(%;n) increases linearly with
the number of vacuum layers, while the quantity corresponding to the Kubo—Greenwood equation
(summation over all two-point conductivities) shows an asymptotic behavior of approximately pro-
portional to In(s) for s > 6. This is also reflected in the corresponding MR ratios, see Fig. 36:
for strict exponential growth the MR ratio becomes a constant with increasing number of vac-
uum layers, whereas in the Kubo—Greenwood approach this ratio rapidly approaches zero for s > 6.
Therefore, the question of exponential growth has to be reviewed in a more analytical way.
Abbreviating r(C;2n + s; 9) simply by r¢(s) and assuming that the growth of r4(s) with s is of an
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From Ref. [46].

exponential form,

rp(s) = Ap exp(Kps)

and I’AP(S) :AAP exp(KAps)

>

(197)
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then quite clearly the corresponding magnetoresistance R(s) is given by
R(s) =1~ Cexp[(Kp — Kup)s] (198)

where C = Ap/A,p. This now implies that the following cases have to be distinguished

Kip < Kp — lim R(s) = —o0 , (199)
§—00

Kjp=Kp— lim R(s)=1—-C€]0,1), (200)
§—00

Kyp > Kp — limR(s)=1, (201)
§— 00

leaving the conclusion that with “strict” exponential growth of the sheet resistances in the limit
of infinitely separated magnetic leads R(s) tends to zero only in the particular case of Ap = A p
(C=1) and Kp = Kyp, i.e., rp(s) = rqp(s); R(s) tends to a constant, if Kp = Kp and Ap #
Ayp (the logarithmic dependencies correspond to two parallel lines). It seems therefore that only a
description of electric properties in terms of Eq. (196) leads to strict exponential growth of the sheet
resistances and consequently to a finite magnetoresistance even in the case of infinitely separated Fe
leads.

8.2. Metallic conductivity versus tunneling

Changing the barrier in the middle of a large enough vacuum spacer, see top of Fig. 37 causes
interesting effects, namely (1) for an increasing (large enough) barrier the sheet resistances
become constant (as to be expected, bottom of Fig. 37), while (2) for barrier values close to
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the selfconsistently determined one a sharp increase occurs. In using this particular regime of barriers,
where the sheet resistances vary rapidly, a first kind of distinction between metallic conductance
and tunneling can be given. From Fig. 38 it is obvious that there is a cusp when this barrier
is reduced to the Madelung potential of the leads (vertical line): below this value the barrier is
of attractive character (metallic behavior of electric transport), above (repulsive barrier) tunneling
seems to be the case. However, in terms of the MR ratio this is perha