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Abstract

The phenomenon of electric transport perpendicular to the planes of atoms is
discussed in terms of an ab-initio approach based on the Kubo-Greenwood equation.
Since level of decription is fully relativistic “artifacts” due to spin resolution are
avoided. Besides a formal discussion of the applied methods and an illustration of
the numerical procedures, in particular the dependence of the magnetoresistance
on the quality of interfaces, and issues concerning “tunneling” in metal/non-metal
heterojunctions are discussed.

1 Introduction
Although current perpendicular to the planes of atoms (CPP) experiments seem to be
easy to visualize in terms of a Landauer-type view of electric transport, its theoretical
description poses quite a few questions. Is it su¢cient to consider transmission and
re‡ection matrices placed only at planes well-situated within the leads? What is the
relationship between conductivity and resistivity? Which part of a heterojunction, spacer
or interfaces actually causes a su¢ciently large magnetoresistance ratio? If it is the spacer,
how much matters its actual structure? If the magnetoresistance is mainly due to the
interfaces, how about experimentally unavoidable interdi¤usion? Are there any criteria
in terms of the resistivity or resistance other than rules of thumb that would distinguish
between “tunneling” and “weak” metallic conductance? Clearly enough on top of all
these questions nags the doubt whether or not it is justi…ed to consider “spin” as an
observable, i.e., whether or not the concept of “spin currents” (spin-resolved currents)
makes any sense.

In this contribution exclusively the Kubo-Greenwood equation [1, 2, 3, 4] is applied to
CPP. Furthermore, in all applications and illustration shown a fully relativistic realization
of this equation is used implying that right from the beginning “spin” will not be consid-
ered as an independent (“observable”) quantity. As recently two review articles appeared
[5, 6] discussing various aspects of the “giant magnetoresistance” (GMR), including also
CPP concepts, no attempt is made to present in here also other ab-initio type approaches.
For a very detailed discussion of all theoretical implications of the present approach such
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as collinearity and non-collinearity, magnetic con…gurations, inhomogeneous alloying, etc.,
the reader is referred to a forthcoming review article [11].

2 The relativistic Kubo-Greenwood equation for sys-
tems with two-dimensional translational symmetry

Within the (non-relativistic) Density Functional Theory (DFT) the Kohn-Sham-Dirac
Hamiltonian is given by

H = ® ¢ p+ βmc2 + V eff [n,m] + β§ ¢Bef f [n,m] , (1)

αi =
µ

0 σi

σi 0

¶
, β =

µ
I2 0
0 ¡I2

¶
, (2)

§i =
µ

σi 0
0 σi

¶
, I2 =

µ
1 0
0 1

¶
,

V (r) ´ V ef f [n,m] = V ext + V Hartree +
δExc[n,m]

δn
, (3)

B(r) ´ Beff [n,m] = Bext +
e~
2mc

δExc[n,m]
δm

, (4)

where n is the particle density, m the magnetization density, V ef f [n,m] the e¤ective
potential, Bef f [n,m] the e¤ective (exchange) magnetic …eld, V ext and Bext the corre-
sponding external …elds, and the αi are Dirac- and the σi Pauli (spin) matrices, see also
refs. [7, 8].

If G(z) denotes the resolvent of this Hamiltonian,

G(z) = (z ¡ H)¡1 , z = ε + iδ , (5)

then within the Kubo-Greenwood equation [1, 2, 3, 4] the diagonal elements of the con-
ductivity tensor are de…ned as

σµµ =
~

πN0­at
tr

­
Jµ ImG+(εF )Jµ ImG+(εF )

®
, (6)

where ImG+(ε),

ImG+(ε) =
1
2i

¡
G+(ε) ¡ G¡(ε)

¢
, (7)

can be formulated in terms of the so-called side-limits of G(z),

lim
jδj!0

G(z) =

8
<
:

G+(ε) ; δ > 0

G¡(ε) ; δ < 0
. (8)
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Usually multiple scattering theory [8, 9] is applied in order to evaluate G(z) in the
con…guration space representation (Green’s function) and to perform the trace in eqn. (6).
If the system under consideration can be characterized by two-dimensional translational
symmetry (layered system; one and the same translational invariance has to apply in all
atomic layers) then for a particular magnetic con…guration C the diagonal elements of the
conductivity tensor can be written [10, 11] as a double sum over atomic layers,

σµµ(C; n) =
1
n

nX

p,q=1

σpq
µµ(C; n) , (9)

where
σpq

µµ(C; n) = lim
δ!0

σpq
µµ(C; n; δ) , (10)

σpq
µµ(C; n; δ) =

1
4

2X

i,j=1

(¡1)i+jσpq
µµ(C; εi, εj; n) , (11)

and n denotes the total number of atomic layers taken into account.

3 Current-perpendicular to the planes of
atoms (CPP)

Let z and z0 denote continuous coordinate variables perpendicular to the planes of atoms
in a two-dimensional translationally invariant system. In the steady state one can write
the resistivity in the current-perpendicular to the planes of atoms geometry (CPP) as
[12, 13]

ρCP P =
1
L

Z
ρ(z, z0)dzdz0 , (12)

where ρ(z, z0) is the inverse of σ(z, z0) as de…ned by
Z

σ(z, z00)ρ(z00, z0)dz00 = δ(z ¡ z0) , (13)

and L is the overall length of the structure for which the conductivity is calculated, see
also ref. [14]. The sheet resistance r and resistance R are then de…ned by the following
relations

r = AR = LρCP P =
Z

ρ(z, z0)dzdz0 , (14)

where A is the unit area.
The conductivity tensor σ(z, z0) can now be mapped [15] (f :) onto the zz-components

of the conductivity tensor for a layered system introduced earlier, σij
zz(n) ´ σij(n), i, j =

1, n, with i and j denoting planes of atoms,

f : σ(z, z0) ! σij(n) , (15)
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such that the algebraic structure established by eqn. (13) is conserved,

nX

k=1

ρik(n)σkj(n) = δij . (16)

Clearly enough the sheet resistance r in eqn. (14) then serves as measure (g :) for the
mapping f,

g : r ! r(n) , r(n) =
nX

i,j=1

ρij (n) , (17)

since according to the Cauchy convergence criterion the integral in eqn. (14) can be
mapped onto a sum, i.e., onto r(n), if and only if,

¯̄
¯r ¡ lim

n!1
r(n)

¯̄
¯ < ¢ , n 2 N+ , (18)

or,
jr(n + m) ¡ r(n)j < ¢; n, m 2 N+ , (19)

where ¢ is an in…nitesimal small number.
Making use of complex Fermi energies, EF = εF § iδ, according to eqn. (8) the sheet

resistance for a given magnetic con…guration C is de…ned by

r(C; n) = lim
δ!0

r(C; n;δ) , (20)

where

r(C; n; δ) =
nX

i,j=1

ρij(C; n;δ) , (21)

and
nX

k=1

ρik(C; n;δ)σkj(C; n; δ) = δij . (22)

It should be noted that eqn. (20) simply refers to the side limiting procedure in eqn. (8).

4 CPP transport in heterojunctions
Suppose now for matters of simplicity that a typical heterojunction consists of n atomic
layers of magnetic leads (L) and s atomic layers of a spacer X, i.e., suppose that a hetero-
junction is of the type LnXsLn. The total number of atomic layers t amounts therefore to
t = 2n+ s which in turn implies for a given number of spacer layers that the convergence
criterion in eqn. (19) reads as follows

jr (C; 2(n +m) + s) ¡ r(C; 2n + s)j < ¢ , m, n 2 N+ . (23)
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For each given spacer thickness s, the sheet resistance corresponding to a particular mag-
netic con…guration C is therefore given by

r (C;s) = lim
m!M

lim
δ!0

r (C; 2(n +m) + s; δ) . (24)

where M is a su¢ciently large integer number. In practical terms eqn. (24) can be split
up into two independent limiting procedures,

r (C;s; δ) = lim
m!M

r(C; 2(n + m) + s;δ) , (25)

r (C; s) = lim
δ!0

r (C; s; δ) . (26)

4.1 Magnetoresistance ratio
The magnetoresistance ratio MR (GMR, “giant magnetoresistance”) corresponds in the
so-called “pessimistic view” to

MR =
r (C 0;s) ¡ r (C; s)

r (C 0;s) , (27)

and in the “optimistic view” to

MR =
r (C 0;s) ¡ r (C; s)

r (C; s) , (28)

where in the case of collinear magnetic con…gurations C and C0 usually are termed “par-
allel” and “antiparallel” con…guration. The advantage of the de…nition in eqn. (27) is
simply that thus the magnetoresistance ratio is bound by one. Unfortuantely experimen-
tal data very often refer rather to the second kind of de…nition (because the value of the
giant magnetoresistance ratio is larger?). It should be noted in this context, however,
that eqn. (27) corresponds to the only useful de…nition of the angular dependence of the
anisotropic magnetoresistance. In here exclusively the “pessimistic view” is used.

4.2 Physical signi…cance of the imaginary part of the Fermi en-
ergy

Suppose that in the Kubo-Greenwood equation, see (6), the current operator can be
approximated by a constant,

σ » tr
­
ImG+(εF ) ImG+(εF)

®
» n2(εF ) , (29)

which in turn implies that the sheet resistance can approximately be written as

r = Lσ¡1 = Ln¡2(εF ) . (30)
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Furthermore, suppose the density of states is calculated for complex Fermi energies, EF =
εF + iδ,

r(δ) = Lσ¡1 = Ln¡2(εF + iδ) , (31)

then from the properties of the density of states,

d [n(εF + iδ)]
dδ

=
½

> 0; “non-metallic”
< 0; “metallic” , (32)

follows immediately
d [r(δ)]

dδ
=

½
> 0; “metallic”
< 0; “non-metallic” . (33)

The functional form of the actually calculated sheet resistance with respect to the imagi-
nary part of the Fermi energy, see eqns. (25) and (26), can therefore be used to qualita-
tively interprete the underlying type of conducdance

d [r (C;s;δ)]
dδ

=
½

> 0; “metallic”
< 0; “non-metallic” . (34)

The last equation means inter alia that in the case of a negative slope of the sheet
resistance with respect to δ “tunneling” might occur. The parameter δ obviously acts like
a (small) constant selfenergy: in the regime of metallic conducdance an increase of the
selfenergy implies an increased resistivity (sheet resistance); in the non-metallic regime
an increase of δ reduces the resistance, the system becomes more metallic.

Since very often the actual composition of a heterostructure is not known, i.e., no
information about interdi¤usion at the interfaces, macroscopic roughness, etc., are not
available, in such a case it seems su¢cient to consider the following magnetoresistance
ratio,

MR(δ) =
r (C0; s; δ) ¡ r (C;s;δ)

r (C 0; s;δ) , (35)

where δ is su¢ciently small, for a semi-quantative characterization.

5 CPP transport & IEC
Certain aspects of current-in-plane (CIP) and CPP electric transport have to be correlated
with the so-called interlayer exchange coupling energy (IEC). The IEC classi…es the type
of coupling between the magnetic parts of a heterojunction, i.e., determines regimes of
parallel and antiparallel coupling, or, can serve as (contineous) energy variable in an
ab-initio description of the exchange bias in spin valve systems [16].

Up to now in most evaluations of the IEC the magnetic force theorem [17] was applied
by considering the grand-potentials of the two magnetic con…gurations under investigation

¢Eb = Eb(C) ¡ Eb(C0) , (36)
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evaluating, however, only one magnetic con…guration (C0, one of them) selfconsistently.
If cp

α denotes the respective concentrations of the constituents A and B in layer p then in
terms of the (inhomogeneous) CPA for layered systems [10], ¢Eb is given by

¢Eb =
NX

p=1

X

α=A,B

cp
α¢Ep

α ,
X

α=A,B

cp
α = 1 , (37)

where the

¢Ep
α =

Z εF

εb

(np
α(C, ε) ¡ np

α(C0, ε)) (ε¡ εF)dε , (38)

refer to component- and layer-resolved contributions to the grand-potential at T=0. In
eqn. (38) the np

α(C, ε) are component and layer projected DOS’s corresponding to magnetic
con…guration C, εb denotes the bottom of the valence band and εF is the Fermi energy of
the (nonmagnetic) substrate, see also ref. [8]. The energy integral in eqn. (38) is usually
performed in the upper half of the complex plane using a contour starting at εb and ending
at εF .

Note that because of the de…nition given in eqn. (36) this implies the following energetic
order of magnetic con…gurations

¢Eb =
½

> 0; ! C; preferred con…guration
< 0; ! C0;preferred con…guration . (39)

6 Numerical implementation
All examples and illustrations shown in here are based on applications of the fully rel-
ativistic versions of the Screened Korringa-Kohn-Rostoker (SKKR) method [8] and the
Kubo-Greenwod equation [11]. Disorder such as interdi¤usion at interfaces or alloying in
the spacer part is described in terms of the (inhomogeneous) Coherent Potential Approx-
imation (CPA) for layered systems [10].

7 Illustrations of the numerical procedures
In Fig. 1 the variation of the parallel (P) and antiparallel (AP) sheet resistance in bcc-
Fe(100)/FenGesFen/Fe(100) is shown for a particular value of δ and s versus the number
of Fe lead layers. As can be seen for n > 8 the sheet resistances start to grow linearly with
n. For δ ! 0 the slope in this linear regime tends to zero [15], i.e., for a su¢cient number
of lead layers the sheet resistances become constant: the requirements in eqns. (25) and
(26). The physical reason for the convergence properties with respect to the number of
lead layers has to be correlated [15] with the oscillations of the (layer-resolved) Madelung
potentials, which starting at the interface only slowly approach the Madelung potential
in pure bcc-Fe(100).
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Figure 1: Variation of the sheet resistance r(C; n; δ) for bcc Fe(100)/FenGesFen/Fe, δ =
2 mry, s = 9, with respect to n. The upper panel refers to the parallel con…guration, the
lower to the antiferromagnetic con…guration. Dashed lines indicate the extrapolation of
the linear regime to n = 0. From ref. [15].
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Figure 2: Density of states of the center vacuum layer at the complex Fermi energy εF +iδ
as a function of δ in bcc-Fe(100)/Fe12VacsFe12/Fe(100) for s = 3 (circles), s = 6 (squares;
multiplied by 100), and s = 9 (diamonds; multiplied by 250). From ref. [18].

In Fig. 2 the density of states of bcc-Fe/FenVacsFen/Fe(100) at the Fermi level is
displayed with respect to δ for 3, 6 and 9 layers of vacuum separating bcc-Fe(100) leads.
This …gure shows that only for s > 9 the density of states in the center layer vanishes
completely. However, one can see also that for s > 6 the slope of n(εF + iδ) with respect
to δ is positive, while it is slightly negative for s = 3. Fig. 3 on the other hand proves that
although the density of states for s = 3 has not vanished, the slopes of the sheet resistances
with respect to δ are of di¤erent sign. In the antiparallel aligment a “tunneling” situation
is characteristic, while in the parallel aligment – in accordance with the simple density
of states picture - metallic conductance is predicted. Clearly enough in such a case the
magnetresistance ratio is rather very big.
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Figure 3: Analytical continuation of the sheet resistances r(C; 2n + s; δ) in bcc-
Fe(100)/Fe12VacsFe12/Fe(100), n ¸ 11, s = 3, to the real energy axis. Top: parallel
con…guration, bottom: antiparallel con…guration. Full circles refer to calculated values,
dotted lines to the corresponding linear …t. From ref. [18].
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8 Where does the GMR e¤ect in heterojunctions
come from?

For illustrative purposes the layer-resolved sheet resistances can be de…ned,

ri(C; t; δ) =
tX

j=1

ρij (C; t;δ) , ri(C; t) = lim
δ!0

ri(C; t; δ) , (40)

where t is again the total number of atomic layers considered. It is important to note
that only the sum over these layer-resolved sheet resistances,

r(C; t; δ) =
tX

i=1

ri(C; t; δ) , r(C; t) = lim
δ!0

ri(C; t; δ) , (41)

is well-de…ned. By partitioning the di¤erence of the sheet resistances

¢r(t) = r(AP ; t) ¡ r(P; t) (42)

with respect to the magnetic con…gurations into contributions arising from di¤erent parts
of the heterostructure, namely the left and right electrodes (leads), Llef t and Lright, the
interface regions between electrodes and spacer, Ilef t and Iright, and the remaining spacer
part S,

¢r(t; δ) = ¢rLlef t(t;δ) +¢rLright(t; δ) (43)
+¢rIleft(t; δ) + ¢rIright(t; δ) +¢rS(t; δ) ,

a very informative “picture” of where the magnetoresistance comes from can be given.
Fig. 4 shows such a partitioning for the heterojunction bcc(100)/Fen

(ZnSe)sFen/Fe(100). As can be seen in both kinds of termination the GMR e¤ect is
mostly determined by the Fe/ZnSe interfaces, indicating that the actual structure of the
spacer is of little importance.

9 Interdi¤usion at the interfaces
Very often interdi¤usion at the interfaces occurs, usually causing the IEC and the magne-
toresistance to decrease. An interesting case is bcc(100)/Fe/
Si/Fe(bcc) since the regime of antiferromagnetic coupling is increased by interdi¤usion,
see Fig. 5. In this …gure interface interdi¤usion is restricted to a two-layer interdi¤usion,
meaning that the layers FecSi1¡c and Fe1¡cSic form the interface, while all other layers
remain “pure”. For the magnetoresistance (see Fig. 6), however, interdi¤usion in this
system is disastrous as Fig. 7 shows. Independent of the spacer thickness a two-layer
interdi¤usion corresponding to an interdi¤usion concentration of about 15 - 20% almost
kills the e¤ect. This is the very reason of why up-to-now in this system only a very
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Figure 4: Normalized fractions of the di¤erence in the sheet resistance between the an-
tiferromagnetic and the ferromagnetic con…guration in Fe(100)/(ZnSe)21/Fe(100). The
various regions of the heterostructure are given explicitly. From ref. [19].

Q3.1.12



small magnetoresistance ratio of less than 2% was found experimentally. Since however,
the formation of ordered or disordered silicides at the interface is almost unavoidable, a
Fe/Si/Fe heterojunction is probably a very bad candidate for a “TMR-device” (TMR:
“tunneling magnetoresistance”).

10 Tunneling or not-tunneling?
In the top part of Fig. 8 an interesting case is displayed, namely the layer-resolved
Madelung potentials in the “academic” heterojunction bcc-Fe(100)/
Fe12Vac12Fe12/Fe(100) and modi…cations thereof in the interior part of the vacuum bar-
rier. The lower part of this …gures shows the corresponding changes in the parallel sheet
resistance if the barrier is increased. As can be seen there is a very sharp increase of
the sheet resistance as the value of the barrier increases. It should be noted that the
open symbols in the top part of this …gure correspond to the selfconsistent values, all
other barrier heights are shifted by a constant with respect to the selfconsistent value.
Fig. 9 presents the outcome of the opposite situation, namely reducing the value of the
barrier. As can be seen (Fig. 9, top) the layer-resolved sheet resistances in the parallel
con…guration are reduced in the interior of the vaccum barrier as the barrier height is
decreased. In the lower part of this …gure the corresponding magnetoresistance ratios are
depicted. As the barrier height is approaching the value of the Madelung potential in the
semi-in…nite leads (vertical line) a kink seems to develop separating the regime of metallic
conducting from a regime of “tunneling”. This …gure suggests that any heterostructure
with an average barrier for a (non-metallic) spacer of about less than 2 eV will show a rea-
sonable magnetoresistance ratio. Whether this is due to “tunneling” or very bad metallic
conductance has to be argued in terms of the functional form of the sheet resistances
with respect to the imaginary part of complex Fermi energies, see Fig. 3. Arguments in
terms of (decaying) states, etc., unfortunately have little in common with the product
of two Green’s function in the Kubo-Greenwood equation. Perhaps an experimentalist’s
resumé [21], namely “tunneling is rare”, is the most witty answer to resolve the academic
question of tunneling or not-tunneling.

11 Conclusion
It was shown that the present approach of evaluating CPP transport not only leads to
a correct description of sheet resistances and magnetoresistance ratios for heterojunc-
tions with in general interdi¤used interfaces, but can be used also to discuss the role of
interfaces. Furthermore, in terms of a physical interpretation of the imaginary part of
the Fermi energy an essentially new aspect of the occurrence of tunneling can be given.
In particular the lower part of Fig. 9 indicates that there is a kind of cusp that sepa-
rates metallic from a “non-metallic” conductance, which seems to characterize also quite
generally realistic heterojunctions between magnetic metals and semi- or non-conducting
material.
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Figure 5: Changes of the IEC in bcc-Fe(100)/Sis/Fe(100) with respect to the number of
spacer layers for di¤erent interdi¤usion concentrations cd. From ref. [20].

Q3.1.16



Figure 6: Magnetoresistance for Fe/Sis/Fe trilayers versus the number of Si spacer layers
s. The full line is a 4th order …t of the magnetoresistance to the data points. Inset:
Di¤erence between the calculated points and the …t depending on the number of Si layers.
From ref. [20].
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Figure 7: Dependence of the magnetoresistance on the interdi¤usion concentration for
Fe/Sis/Fe systems. From ref. [20].
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vacuum region of bcc-Fe(100)/Fe12Vac12Fe12/Fe(100). Circles: Fe; squares, triangles and
diamonds refer to the vacuum region with VC = 0, ¡0.2 ry and ¡VM , respectively. Bottom:
ln [r(P ; 2n + s; δ)] ,n ¸ 11, δ = 2 mry, of bcc-Fe(100)/Fe12Vac12Fe12/Fe(100) as a function
of VC . VM denotes the selfconsistently determined barrier height in the center layer of the
vacuum region. From ref. [18].
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Figure 9: Top: Sheet resistance r(P ; 2n0 + s; δ) (top) and magnetoresistance R(2n0 +
s;δ) (bottom), δ = 2 mry, in bcc-Fe(100)/Fe12Vac12Fe12/Fe(100) as a function of the
constant shift VC . In the top part squares, triangles, circles and diamonds refer to VC =
0, ¡0.2, ¡0.3 and ¡0.4 ryd, respectively, in the lower part the regimes of metallic and
tunneling behavior of electric transport are separated by the condition VM = ¡VC (vertical
line). VM denotes the selfconsistently determined barrier height in the center layer of the
vacuum region. From ref. [18].
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